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Abstract

In this paper, we study a notion of local stationarity for discrete time Markov chains which is useful
for applications in statistics. In the spirit of some locally stationary processes introduced in the literature,
we consider triangular arrays of time-inhomogeneous Markov chains, defined by some families of con-
tracting Markov kernels. Using the Dobrushin’s contraction coefficients for various metrics, we show
that the distribution of such Markov chains can be approximated locally with the distribution of ergodic
Markov chains and we also study some mixing properties. From our approximation results in Wasser-
stein metrics, we recover several properties obtained for autoregressive processes. Moreover, using the
total variation distance or more generally some distances induced by a drift function, we consider new
models, such as finite state space Markov chains with time-varying transition matrices or some time-
varying versions of integer-valued autoregressive processes. For these two examples, nonparametric
kernel estimation of the transition matrix is discussed.

1 Introduction

Time-inhomogeneous Markov chains have received much less attention in the literature than the homoge-
neous case. Such chains have been studied mainly for their long-time behavior, often in connexion with the
convergence of stochastic algorithms. An introduction to inhomogeneous Markov chains and their use in
Monte Carlo methods can be found in Winkler (1995). More recent quantitative results for their long time
behavior can be found for instance in Douc et al. (2004), Saloff-Coste and Zuiiga (2007), or Saloff-Coste
and Zuiiga (2011). In this paper, we consider convergence properties of nonhomogeneous Markov chains
but with a different perspective, motivated by applications in mathematical statistics and in the spirit of the
notion of local stationarity introduced by Dahlhaus (1997). Locally stationary processes have received a
considerable attention over the last twenty years, in particular for their ability to model data sets for which
time-homogeneity is unrealistic. Locally stationary autoregressive processes (here with one lag for sim-
plicity) can be defined by modifying a recursive equation followed by a stationary process. If (Xi)rez is a
stationary processes defined by Xy = Fyg (Xi_1, &x), Where (ex)rez is a sequence of i.i.d random variables and
6 € O is a parameter, its locally stationary version is usually defined recursively by

Xok = Fowmy Xnp-1,66), 1<k<mn,

where 6 : [0,1] — © is a smooth function. This formalism was exploited for defining locally stationary
versions of classical time-homogeneous autoregressive processes. See for instance Dahlhaus and Subba Rao
(2006), Subba Rao (2006) or Vogt (2012). The term local stationarity comes from the fact that, under some
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regularity conditions, if k/n is close to a point u of [0, 1], X, « is close in some sense to Xj (1) where (Xi(4))iez
is the stationary process defined by

Xi(u) = Fouy) Xp—1(w), &), keZ.

Though local stationary processes defined recursively are examples of time-inhomogeneous Markov chains,
the properties of these processes are usually derived using this particular autoregressive representation and
without exploiting the link with Markov chains. This is one the main difference with respect to stationary
processes for which the connection between autoregressive processes and Markov chains has been widely
used. See for example the classical textbook of Meyn and Tweedie (2009) for many examples of iterative
systems studied using Markov chains properties. As a limitation, the simple case of a locally stationary
version of finite state space Markov chains has not been considered in the literature.

In this paper, we consider general Markov chains models which will generalize the existing (Marko-
vian) locally stationary processes. Since we do not work directly with autoregressive representations, our
definition of local stationarity is based on the approximation of the finite dimensional distributions of the
chain with that of some ergodic Markov chains. Let us now give the framework used in the rest of the paper.
Let (E, d) be a metric space, B(E) its corresponding Borel o—field and {Q,, : u € [0, 1]} a family of Markov
kernels on (E, B(E)). By convention, we set Q, = Qg when u < 0. We will consider triangular arrays
{Xn, jij<nne Z+} such that for all n € Z*, the sequence (X,,, j)j<n is a non homogeneous Markov chain
such that B

P (Xux € AlXpjot = ) = Qua(x,A),  k <n.

In the sequel the family {Q, : u € [0, 1]} of Markov kernels will always satisfy some regularity conditions
and contraction properties. Precise assumptions will be given in three following sections, but from now on,
we assume here that for all u € [0, 1], O, has a single invariant probability denoted by . For all positive

integer j and all integer k such that k + j — 1 < n, we denote by 715("3. the probability distribution of the vector

(Xn,k, Xnd+1s - s Xnjer j_l) and by 7, ; the corresponding finite dimensional distribution for the ergodic chain
with Markov kernels Q,. Loosely speaking, the triangular array will be said locally stationary if for all
positive integer j, the probability distribution n]((”;. is close to m, ; when the ratio k/n is close to u. A formal

definition is given below. For an integer j > 1, we denote by P(E/) the set of probability measures on E/.

Definition 1. The triangular array of non-homogeneous Markov chains {X, x,n € Z*,k < n} is said to be
locally stationary if for all integer j > 1, there exists a metric ¢ ; on P (Ej ) metrizing the topology of weak
convergence, such that the two following conditions are satisfied.

1. The application u +— m, ; is continuous.

2 lim sup 9w ;) =0

n=0 it /
In particular, under the two conditions of Definition 1, for all continuous and bounded function f : El >

R and some integers k = k, < n — j + 1 such that lim,,_, k/n = u € [0, 1], we have

im Ef (X Xukej1) = lim fdm) = Bf (XiGo),.... X;(w) = f fdm .

n—oo

where (Xi(u))rcz denotes a stationary Markov chain with transition Q,. In this paper, Condition 1 will
always hold from the Holder continuity properties that we will assume for the application u — Q,. Of



course, the metrics ¥; will of the same nature for different integers j, e.g the total variation distance on
P(E/).

In this paper, we will consider three type of metrics on P(E) for approximating 711({") by 7ty or , (and in a
second step for approximating an arbitrary finite dimensional distribution) and deriving mixing properties of
these triangular arrays. We will extensively make use of the so-called Dobrushin’s contraction coefficient. In
Section 2, we consider the total variation distance. This is the metric for which the contraction coefficient for
Markov kernels has been originally introduced by Dobrushin (1956). Contraction properties of the kernels
Q, or their iteration with respect to this metric will enable us to consider a model of nonhomogeneous finite
state space Markov chains for which we will study a nonparametric estimator of the time-varying transition
matrix. In Section 3, we consider contraction properties for Wasserstein metrics. The contraction coefficient
for the Wasserstein metric of order 1 has been first considered by Dobrushin (1970) for giving sufficient
conditions under which a system of conditional distributions defines a unique joint distribution. We will
consider more generally the Wasserstein metric of order p > 1. This type of metric is very well adapted
for recovering some results obtained for autoregressive processes with time-varying coefficients. Finally,
in Section 4, we consider Markov kernels satisfying drift and minoration conditions ensuring geometric
ergodicity and for which Hairer and Mattingly (2011) have recently found a contraction property for a
metric induced by a modified drift function. We illustrate this third approach with the statistical inference
of some integer-valued autoregressive processes with time-varying coefficients.

2 Total variation distance and finite state space Markov chains

Let us first give some notations that we will extensively use in the sequel. If u € (F) and R is a probability
kernel from (E, B(E)) to (E, B(E)), we will denote by uR the probability measure defined by

uR) = [ RO AMuC). A € B(E)
Moreover if f : E — R is a measurable function, we set uf = f fdu and Rf : E — R will be the function

defined by Rf(x) = f R(x,dy)f(y), x € E, provided these integrals are well defined. Finally, the Dirac
measure at point x € E is denoted by ¢,.

2.1 Contraction and approximation result for the total variation distance

The total variation distance between two probability measures u, v € P(E) is defined by

[ rau- | 7).
where for a measurable function f : E — R, [|fllcc = sup,x |f(X)I.
For the family {Q, : u € [0, 1]}, the following assumptions will be needed.

llu = Vllry = sup |u(A) —v(A)| = = sup
AeB(E) ||f|| <1

A1 There exist an integer m > 1 and r € (0, 1) such that for all (&, x,y) € [0, 1] X E?,
16x0y — 650y llrv < r.
A2 There exist a positive real number L and « € (0, 1) such that for all (&, v, x) € [0, 12X E,

10xQu — 6xOllTv < Llu — Vlk-



The Dobrushin contraction coefficient of Markov kernel R on (E, B(E)) is defined by
c(R) = sup(, y)ep2 l6xR — 0,R||7v. We have ¢(R) € [0, 1]. Hence, assumption A1 means that
SUPye(0.1] c(QM) < 1. We will still denote by || - ||y the total variation distance (or the total variation
norm if we consider the space of signed measures) on P(E/) for any integer j. Moreover, let (Xi(«))iez
be a stationary Markov chain with transition Q,, for u € [0,1]. We remind that for an integer j > 1,
n,i"j) (resp. m, ;) denotes the probability distribution of the vector (Xn,k, ooy Xnkt j_l) (resp. of the vector

(Xe@), - Xesjr @),

Theorem 1. Assume that assumptions A1 — A2 hold true. Then for all u € [0, 1], the Markov kernel Q,
has a single invariant probability m,. The triangular array of Markov chain {X, x,n € Z*, k < n} is locally
stationary. Moreover, there exists a positive real number C, only depending on L, m, r, k such that

( k+j—1 SIK 1

n)

— muillry < E - = +—=|.

“ﬂk,] 7Tu,]||TV <C y u " + "
s=

Note. Assumption Al is satisfied if there exist a positive real number &, a positive integer m and a family
of probability measures {v, : u € [0, 1]} such that

o' (x,A) = evy(A), forall (u, x,A) € [0,1] X E X B(E).

In the homogeneous case, this condition is the so-called Doeblin’s condition (see Meyn and Tweedie (2009),
Chapter 16 for a discussion about this condition). To show that this condition is sufficient for A1, one can
use the inequalities

O (x,A) - Oy, A)<l-—e+ev,(E\NA) - Q(x,E\NA)<1-¢.

For a Markov chain with a finite state space, the Doeblin’s condition is satisfied if inf,¢[o,17 Q) (x,y) > O,
taking the counting measure for v,. More generally, this condition is satisfied if Q,(x,A) = fA fu(x, y)v(dy)

with a probability measure v and a density uniformly lower bounded, i.e &€ = inf fu(x,y) > 0.
(u,x,9)€[0,1]x E?

Proof of Theorem 1 We remind that for a Markov kernel R on (E, &) and u, v € P(E), we have

[|luR — vR||ry < c(R) - ||t — VTV,

where ¢(R) = SUP(y y)cE l6xR — 6yRll7v € [0, 1]. Then, under our assumptions, the application T : P(E) —
P(E) defined by T (1) = uQ!' is contractant and the existence and uniqueness of an invariant probability 7,
easily follows from the fixed point theorem in a complete metric space.

We next show Condition 1 of Definition 1. The result is shown by induction. For j = 1, we have from
assumption Al,

IA

I Q' = m Qyllry + lm @y = 1o Qyllry

rlimy — myllry + sup HéxQ;n - 5xQ:;n”TV~
xeE

I, — mollry

IA

Since for two Markov kernels R and R and u,v € P(E), we have

IuR = vRllry < supll6<R — 6,Rlizy + ¢ (R) ll = 7y,

xeE



we deduce from assumption A2 that sup, . 10,0 — 0.O}'llry < mLlu — v|*. This leads to the inequality

Iy — mllry < |”_V|K

T 1-r

which shows the result for j = 1. If the continuity condition holds true for j — 1, we note that
Ty, j (dxl, e ,dxjil) = Ty, j-1 (dxl, e ’dx,;l) Qu (XJ'_l,dx]') .
Moreover, we have

7, j — 7y jllzy < supll6xQu — 6xOllry + I -1 — 7y j-1llTv,
xeE

which leads to the continuity of u +— m, ;. This justifies Condition 1 of Definition I.

Finally we prove the bound announced for ||7r](("). — m, jll7v. Note that this bound automatically implies
Condition 2 of Definition 1. Let us first note that if Ry ,; = Qimt1 Qi=ms2 - - - Qr, we have from assumption
AZ’ n n n

k K
S
SUp 0,Rm = 85 Qllllry < L Y |u=~

YeE s=k—m+1

Now for j = 1, we have

17"~ mllry < 17 R =2 OPllzy + 1170 O — 7, Ollry
k K
S
< L u—=| +rx" —mliry.
n
s=k—m+1

Using the fact thatis s < 0, [u — s/n| < |u|, we deduce that

00 k—Cm

4
I = mllry < LZ r
=0  s=k—({+1)m+1

SK

u——
n

’

which shows the result for j = 1. Next, using the same argument as for the continuity of the finite-
dimensional distributions, we have

" + Nl = 7ol

k.j u=

k+j—1r
n

llr, " — mu jllry < L

Hence the result easily follows by iteration.O

2.2 [-mixing properties

In this subsection, we consider the problem of mixing for the locally stationary Markov chains introduced
previously. For convenience, we assume that X,, ; is equal to zero if j > n + 1. For a positive integer n and
an integer i € Z, we denote by 7-'1.(") the sigma field o (Xn, jtJs i). Now setting

V(T Xuiss) = sup {[B [ (Xuis7”)] - BF (Kussr)]| - £ 501010 < 1,
the 8,—mixing coeflicient for the sequence (X,,, f)jez is defined by
B = 5 Sup B[V (7, Xoie5)].
i€Z

Under our assumptions, this coefficient is shown to decrease exponentially fast.



Proposition 1. Assume that assumptions A1 — A2 hold true. Then there exist C > 0 and p € (0,1), only
depending on m, L,k and r such that
Buj) < Cpt™,

where [x] denotes the integer part of a real number x.

Note. The usual strong mixing coefficient is defined for Markov chains by
au(j) = sup {IB(A N B) ~ BAEB)| : A € 0 (X,1). B € 0 (Xiinj)}
i€Z

We have a,(j) < B,(j). We refer the reader Doukhan (1994) for the definition of some classical mixing
coeflicients and their properties. In this paper, we will mainly use some results available for the larger class
of strong-mixing processes.

Proof of Proposition 1 ~ We first consider € > 0 such that p = 2mLe* + r < 1. Assume first that n > **. For
k < n, we set O,y = Qims1 -+ - Q. By noticing that under Assumption A2, we have

sup [|uQ, — uQyllry < Llu — [,
peP(E)

we deduce the bound
sup ”(Ska,m - 6er£”TV < mLe®.

xeE n

Then, from Assumption A1, we get

sup ||6ka,m - 6ka,m”TV < pP-.
x,yeE

Now if j = tm + s for two positive integers ¢, s, we get
165, Qs -+ Qi = 1" Qucser -+~ Qullry < .

Now, if n < %, one can show that 8,(j) < 1, if j < nand g,(j) < r[%] if j > n. This leads to the result with
an appropriate choice of C, e.g C = p‘é_l .0

2.3 Finite state space Markov chains

Let E be a finite set. In this case, we obtain the following result.

Corollary 1. Let{Q, : u € [0, 1]} be a family of transition matrices such that for each u € [0, 1], the Markov
chain with transition matrix Q, is irreducible and aperiodic. Assume further that for all (x,y) € E?, the
application u — Q,(x,y) is k—Holder continuous. Then Theorem 3 applies and the B—mixing coefficients
are bounded as in Proposition 1.0



Proof of Corollaryl Using the fact that

16xQy = 0yQyllrv =1~ Z 0/ (x,2) A Qi (y,2) < 1 —|E|- inf Q)'(x, ).
x,yeE

zeE

Then assumption A1 is satisfied as soon as inf ¢ 11,(xyer? Q'(x,¥) > 0. From aperiodicity and irreducibil-
ity, it is well know that for each u € [0, 1],

my = inf{k >1: min Qfx,y) > 0} < oo,
(x,y)€E?

By continuity, the sets O, = {v € [0, 1] : P} > 0} are open subsets of [0, 1]. From the compactness of the
interval [0, 1], [0, 1] can be covered by finitely many O,, say Oy, ..., O,,. Then assumption A1 is satisfied
with m = max<j<qg m,,. Assumption A2 is automatically satisfied and Theorem 3 applies.O

Now, we show that our results can be used for nonparametric kernel estimation of the invariant prob-
ability m, or the transition matrix Q,. This kind of estimation requires an estimation of quantities of type
h, = E[f (Xi(u),...,X/(u))] where f : E! — R is a function and ¢ is an integer. To this end, a classical
method used for locally stationary time series is based on kernel estimation. See for instance Dahlhaus and
Subba Rao (2006), Fryzlewicz et al. (2008), Vogt (2012) or Zhang and Wu (2015) for nonparametric kernel
estimation of locally stationary processes. Let K : R — R, be a Lipschitz function supported on [-1, 1] and
such that fK(z)dz = 1. Forb = b, € (0,1), we set

BK(u-2)
ﬁ Z?:KK(” - %)

ei(u) = uel0,1], €<i<n.

A natural estimator of £, is
n

b= ) ew)f Knicton- - X

i=C
The next proposition gives a uniform control of the variance part 1, — Eh,,.

Proposition 2. Assume that assumption A3 holds true and that b — 0, nb'*¢ — oo for some € > 0. Then

sup [ — B = op( VlOg”].

u€l0,1] \/I’E

Proof of Proposition 2 We set Y,,; = f (Xyi—¢+1,...,X,,;). First, note that the triangular array (¥,.;),;-,
~ j—C —_ . —_

is f—mixing (and then a—mixing) with £,(j) < Cp[%] < Cp_l‘%ﬁ/ where C is a positive constant and

p = p'/™. We have [0,1] = U’S‘;r%ls where k is the integer part of 1/b, I, = ((s — 1)b, sb] for 1 < s < k and

Iyt = (kb,1]. Weset S = 0 andif 1 < i <n, §" = 3/ Z", where Z{" = Y, ; — EY, . Then for

1<j<j+k<n,wehave

Jtk

Z e,-(u)Zl.(")

i=j

IA

ej(u) - |5+ ejentan) - [,

J+k—1
+ 3 leiw) = eia@) - [s¢
=

144

— max

s
nb j-1<i<j+k

1




This gives the bound

n

max Zei(u)ZE") < max max ei(u)Zl.(")
: 1<s<
w045 SSK UL (s—2)b<izn(s+1)b
C//
< — max max ’S |
nb 1<s<k+1 n(s—2)b—1<i<n(s+1)b | !

We will use the exponential inequality for strong mixing sequences given in Rio (1999), Theorem 6.1 (see
also Rio (2013), Theorem 6.1). This inequality guarantees that for any integer g, we have
A A ol
1og(1 ; K—q)) + Mnb,
2¢11fllo nb 1
where F,G, K, M are three positive real numbers not depending on n and s and 1 > ¢l|f]lo. We have

— -1 3 ~ _Nnb - ’
k=0 (b ) and setting g ~ Jorn and A = A’ \/nblogn, we have for A’ large enough

P ( ma |S ()
n(s-2)b—1<i<n(s+1)b | !

> F/l) < Gexp(—

- Fa 1 Vnb
P| max Zei(u)Zf") > —|=0p — + " plog(f) i
uel0.1] 4= nb bnt<  b+Jlog(n)

Then the result follows from the bandwidth conditions.cl

Now, we consider some estimators of 7, and Q. Let #,(x) = 27 e;(u)1y, = and Q,(x,y) = ”jri((’;)})
where ,5(x,y) = Y77 €i()1Lx, =X, 01 =y-
Theorem 2. Assume that for a given € > 0, b — 0 and nb'*¢ — co.
1. For (x,y) € E2, we have
. Efty2(x,y)
sup [E#,(x) - m,(x)] = O (BY), wp—%———@mﬂ=0W) (1)
uel0,1] uefo, 111 Bty (x)
and For (x,y) € E?, we have
ylog(n) A Efty2(x,y) ylog(n)
sup |7, (x) — Eft,(x)| = O ,osup [Qu(x,y) = ————|=0 . @
wel0d] ‘ Vnb welo1] Eft,(x) \nb

2. For (u,x) € [0,1] X E, the vector ( Vnb [7,(x) — Efru(x)])
and covariance EE}) : EX E — R defined by

s = f K*(x)dx -

eE is asymptotically Gaussian with mean 0

n@+ZGMHmmﬂ,

jz1
where Ty(j)xy = Tu(X)OL(X, ¥) = 7 ()T, ().
3. For (u,x,y) € [0,1] X E2, the vector

—( A Ert,o(x,y)
nb | Qu(x,y) E#,(x) -

is asymptotically Gaussian with mean 0 and covariance ¥? : E> x E? — R defined by

1
mu(x)

z?wwmww=mew- 0u(x, ) [1y=y = Qu(x', )| iy,



Note. Our estimators are localized versions of the standard estimators used in the homogeneous case. One
can see that their convergence rates are standard for nonparametric kernel estimation.

Proof of Theorem 2

1. For the control of the bias, note that

n—1

Bty o(%,y) = mua(x,y) = Y ei(w) [15(x, ) = mua(x, )]
i=1

Since e;(u) = 0 if |u — i/n| > b, Theorem 1 ensures that

sup [Eft,2(x,y) — muo(x,y)| = O(bK + i) =0").
uel0,1] n
By summation on y, we deduce the first bound in (1) and using the fact that min,efo,1; 7, (x) > 0, we
deduce that max,eqo,1; m = Op(1) and the second bound in (1) follows.

For the variance terms in (2), we use Proposition 2 which ensures the first bound as well as max,.eo,1] ﬁ =
Op(1). This gives also the second bound.

2. The proof is based on a central limit theorem for triangular arrays of strongly mixing random variables
proved in Rio (1995). This result is given in Proposition 8. For simplicity of notations, we consider the
quantity 37 | e;(u)ll x,=x instead of 7, (x) which has the same asymptotic behavior. For x € E, let 4,
be a real number. We consider the random variables Zl.(") = Yxer Axlx, =y and Zi(u) = Y ep Al u=x
and set

n

S

J=1

G" = Vnbeiw) (2" -EZ"), H" =G/ |Var

Let us first derive the limit of Var (Z;le G;")). Using Proposition 1, we know that there exists a
constant D > 0 and p € (0, 1), such that

[Cov (2, 2")| < D 3)

Moreover the same type of inequality holds for Cov (Z,-(u), Z j(u)). Then if £ is a positive integer, let
V) = {(i, ) € {1,2,...,n} : li = j| < £}. We have

n
Var ZG(/.")] = Z Cov (GE") ,Gﬁ.")) + Z Cov (GE"),G(/."))
=1 (i J)EVa(O) G DEl ) \Vi(0) ‘
= A| +A,.

IfG;(u) = \/@ei(u) (Zi(u) — EZ;(u)), we can also decompose

an G j(u)]
j=1

Var

Cov(Giw),Gw)+ > Cov(Giu),G,w))
(G, )EVa() (@ DE(L,....n}\Vy(0)
Ar(u) + A ().




Using (3), we have

n

A < 2anZel~(u) Z ej(uyp’™

i=1 Jj=itt+1
ﬁt’
< 2nbD max e;(u)
1<j<n 1-
= 0(p").
In the same way, [A>(u)| = O (ﬁ[). Moreover, using Theorem 1, we have
(i+6)An 1
A1 —Aj(u)| < 2Cane (u) Z ej(u) [Z u— = + ;]
+1
< 4Cnb max e;(w) | (€ + 1?0 + ——
1<j<n K

O(fzb" + £).
nK

Then, choosing ¢ = £, such that £ — oo, £2b¢ — 0 and €/n* — 0, we deduce that

Var Z Gg.")] = Var Z G j(u)J +o(1). 4)
j=1 j=1
Now, we have
Var [ > G j(u)} = nb ) eiw)*Var (Zo(u))
j=1 i=1

+ 2nbzn1 Z ei(u)e j(u)Cov (Zo(w), Z;-i(u))

i=1 j=i+l

= nb Z ei(u)*Var (Zo(u))
i=1

= an_l [Z e,-<u>ei+s<u>l > AT ($)sy.
s=1 Li=1

x,yeE
Using the Lebesgue theorem and elementary computations with Riemanian sums involving the kernel,

we deduce that
n
fim v [z; 6| = Y 243,
J:

x,yeE
Using (4), we also deduce that

r}1_)r£10 Var [Z G(")J Z A /l,Z,(,l))Cy 5

j=1 x,yeE

10



Next, in order to apply Proposition 8, we first check condition (13). We have V,,, = 1 and

Vi =nb Z es(ue (u)Cov (2", Z!") < nb Z es(we,(u) |COV (2.2")| = o),

s,t=1 s,t=1

using (3). This entails condition (13) of Proposition 8. Finally, we check condition (14) of Proposition

Hf") < C1y—pp<i<u+np/ Vb for a non random real number C which

8. From (5), we have max;<;<,

does not depend on n. Then we have also O, (x) < C1,_pp<i<u+nb/ Vnb. Moreover, a(n)(x) is bounded
by (up to a constant) —log(x) + 1. This entails that

) 1
Vv 2/2 f a(n)(x/Z)Qn l(x) inf (a(n)(X/z)Qn,i(X)> V Vn,n) dx=0 (_b) .
§ Vn

Then we deduce the result of point 2 from Proposition 8, (5) and the Cramér-Wold device.

. Let

\/IE n—1
Zu(x,y) = Dyix,
(%, ) m,(x); (X, )
where
Di(.3) = €10 | 1, a2y = Qs (31, 0

is a martingale increment bounded by (nb)! (up to a constant). Using the classical Lindeberg central
limit theorem for martingales, the sum Vnb Zl’.’:_ll [Dn,i(x, ¥)], ye is asymptotically a Gaussian vector
with mean 0 and variance matrix X defined by

2 ((x,y), (x, )

n—1
= nh_)IIolo nb e; (u) Cov []lX,,,—x Xpiv1=y ~ Q%(x, y)]lxm.:x, ]lxn,i=x’,X,,,,-+1=y’ - Q%(X',y’)]an,i:X’]
i=1
n—1
= n11_>nolo nb Y ei(u)*Cov []lX,»(u):x,XHl(u):y = 0u(x, V)X, w)=x> LX,0)=x' Xis1 )=y’ — Qu(x',y')]lx,-(u):x']

i=1

f K*(@)dz - P (X, (u) = %, Xa() =) - [ Loy = Qu(x', )| 1=y

In the previous equalities, we have used Theorem 1, the continuity properties of the transition matrix
and the limits

JB&@Z ( l/n) = fK(Z)dz: 1, ,}L%EZKZ( ) fK(Z)ZdZ.

We deduce that the vector [Z,(x, y)] xyeg 18 asymptotically Gaussian with mean zero and covariance

matrix 25,2).

Then it remains to show that for each (x,y) € E,

. Ly, =xQe1(%Y) B, a(x,y)
vnb[§ (1) ——— St l:oP<1>. (6)
£ Au(x) Eft,(x)

11



To show (6), we use the decomposition

n—1 ]1 ni:xQﬂ()@y) l
\/n_b[z ei(u) neh - E””’Z(x’y)]

2 Fu) B,

n—1
= \/% Z e[(u) (]1Xn,i:x - "En)(x)) ' (Q%(x, y) B Qu(x’ y))
i=1

u(x)

n—1
(oA M) = )
+ \/Eizzle,(u)ﬂi (X)(Q%(X,y) Qu(X,)’)) A, (0m,(x)

A, 7, (x) — 7t,(x)

fu(0) T A Om(x)

Since the kernel K has a compact support and u — Q,(x,y) is k—Holder continuous, we have B, =
(0] ( \/Eb’(). Moreover, using covariance inequalities, we have Var(4,) = O (bz’(). Then (6) follows

from 7,(x) — m,(x) = Op (\/Lnfb) and 7% = Op(1). The proof of point 3 is now complete. O

3 Contraction of Markov kernels using Wasserstein metrics

In this section, we consider a Polish space (E, d). For p > 1, we consider the set of probability measures on
(E, d) admitting a moment of order p:

Py(E) = {,u eEP(E): fd(x, x0)Pu(dx) < 00}.

Here x is an arbitrary point in E. It is easily seen that the set #,(E) does not depend on xo.
The Wasserstein metric W, of order p associated to d is defined by

l/p
WD‘H’V = i]li dx,V‘d)/ X,y
) ) ("){fEXE ( ) ( )}

where I'(u, v) denotes the collection of all probability measures on E X E with marginals u and v. We will
say that y € I'(u, v) is an optimal coupling of (i, v) if

1/p
(fmmwmm)=pww

It is well-known that an optimal coupling always exist. See Villani (2009) for some properties of Wasserstein
metrics.
In the sequel, we will use the following assumptions.

B1 For all (u, x) € [0,1] X E, 6,0, € P,(E).

B2 There exist a positive integer m and two real numbers r € (0, 1) and C; > 1 such that for all u € [0, 1]

andall x € E,
W, (6:008,6,01) < rd(x,3), Wy (6:Qur 8,04 < Crd(x, y).

B3 The family of transitions {Q,, : u € [0, 1]} satisfies the following Holder type continuity condition. There
exist k € (0, 1] and C, > 0, such that for all x € E and all u4,v € [0, 1],

Wp (6x0u,6x0,) < C2 (1 +d(x, x0)) |u - vl

12



Note. If R is a Markov kernel, the Dobrushin contraction coefficient is now defined by

W, (6xR, 6yR
(R) = sup Wy (<R, 6,R)
(x,y)eE2 d('x’ y)

XFEY

Thus Assumption B2 means that sup,,¢(o ;¢ (Qu) < o0 and sup,¢o1; ¢ (Q)) < 1.

The following proposition shows that under these assumptions, the marginal distribution of the Markov
chain with transition Q, converges exponentially fast to its unique invariant probability distribution which
is in turn Holder continuous with respect to u, in Wasserstein metric.

Proposition 3. Assume that assumptions B1-B3 hold true and set for an integer j > 1,

1. For all u € [0, 1], the Markov chain of transition Q, has a unique invariant probability distribution
denoted by m,. Moreover for all initial probability distribution u € P ,(E), we have forn =mj + s

1/p
W, (uQj, i) < Cir/ [( f d(x,xo>Pu<dx)) +K2},

1/
where ky = SUP,e[0.1] (fd(x, xo)”nu(dx)) P

2. Ifu,v € [0, 1], we have

Colu —v[*

Wp(ﬂu,ﬂ'v) < 1

m—1
mC'ln_lkz + Z C{Kl(m —-j- 1)] ,
=

. i 1/
where k1(j) = sup,eio 1) ([ d(x, x0)” Qh(x0,dx)) "

Proof of Proposition 3 We first show that the quantities k() are finite. We setg; = ([ (1 + d(x, x0))” Qf(x0, dx)

If j > 1, we have, using Lemma 1,

W (82001 65, 03)

W (820000505 Qu) + Wy (82005 Qu65,0))
CiW, (65,0005, Q07" ) + Calulgj1.

IA

Then we obtain
. . j_l
W) (6004 61,0)) < C2 ) Clgjsmr (M
s=0
Then, using Lemma 3 for the function f(x) = 1 + d(x, xp), we get
j-1

kKi()) <qj+C Z Ciqj-s-1.
s=0

13
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1. The existence and unicity of an invariant probability 7, € %, easily follows from the fixed point
theorem for a contractant application in the complete metric space (Pp, Wp).
Before proving the geometric convergence, let us show that the quantity «» is finite. We have, using
Lemma 1,

IA

Wy (7, o) Wy, (. Qs 10 Q) + W, (ﬂoQZ’,ﬂoQg)

A

1/p
< er(nu,no)+( f Wg(ang’,ang)no(dx)) :

Using (7) and Lemma (1), we have

Wy (6:001.6:08) < W, (620065, Ql0) + W (6, Q. 6, Q) + W, (6205 65,05 )
m—1

2rd(x.30) + C2 ) Clgu-s-1.
s=0

IA

From the previous bound, we easily deduce the existence of a real number D > 0, not depending on
u, such that W, (m,, mp) < %. Then, using Lemma 3, we get

D 1/p
Ky < T—+ ( f d(x, xo)"fro(dx)) ,
-r

which is finite.
Now, the geometric convergence is a consequence of the inequality

1/p
W, (uQ%, 1,08 < C3r/Wy(u, my) < Cir [( f d(x, xo)pu(dx)) + K.

Finally, let v be an invariant probability for P, (not necessarily in #,). Let f : E — R be an element
of Cp(E). Since convergence in Wasserstein metric implies weak convergence, we have from the
geometric ergodicity lim,_,., O f(x) = m,f for all x € E. Hence, using the Lebesgue theorem, we
have

of =V = [ ManQir) - s
which shows the unicity of the invariant measure.

2. Proceeding as for the previous point, we have

1/p
Wp(ﬂu’ﬂ'v) < er(ﬂuaﬂ'v) + (f W[l; (6xQ:,na(5xQT) ﬂv(dx)) . (®)

But

W) (6xQ)f', 6:07)

IA

l/p
clwp(éxQﬁ‘l,éxQ’v"‘l)+Cz|u—v|K( f [1+ d(y, x0)]” ;"‘1<x,dy))

C\W, (600,600 + Calu = vI* (k1 (m = 1) + T d(x, x0))..

IA
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We deduce that

m—1

W, (6,00, 6:00) < Colu = {Z Cliim = j = 1) + mCyd(x, x0)|.
=0

Reporting the last bound in (8), we get the result.00

Now let us give the main result of this section. For j € N*, we endow the space E/ with the distance

j 1/p
d](X,)’) = (Z d(xs,ys)p] 2 X,y € Ej‘
s=1

We will still denote by W, the Wasserstein metric for Borelian measures on E/.

Theorem 3. Assume that assumptions B1 — B3 hold true. Then the triangular array of Markov chains
{Xnx : n € Z*, k < n}is locally stationary. Moreover, there exists a real number C > 0, only depending on
S p-d,k,1,C1,Co k1 (1), ..., k1(m), ky such that

k+j-1 Ik 1
(1) , _Z —
W, (nk,j,nu,j) <C E u—- + ”K}'
s=k

Proof of Theorem 3

1. We show the result by induction and first consider the case j = 1. For k < n, let Oy, be the probability
kernel Qi-ms1 - -+ Q. We have

Wp (ﬂ'zn),ﬂu) Wp (ﬂgl_)ka,mv ﬂLlQZl)

W (2 Qs 2 Q) + Wy (m” O, 7, Q1)

IA

IA

1/p
W, (7 + ( f W (6 Qim: 6:0) nz’?mwx)) :

From Lemma 2, we have

K

u —

m—1 1/p
W, (6xQkm» 0x00') < Z CiC [f(l +d(y, %0))" 6:Q ks "'Qk;l(dy)]
s=0

First we note that from our assumptions and using Lemma 3 for the function f(x) = 1 + d(x, xp), we
have

[6:0ufP1"7 < [64QufP1"? + Crd(x, x0) < (1 + k1(1) + Cy) f(x),

where «; is defined in Proposition 3. Then we get sup,co 11 0xQuf’ < Cg fP(x), where C3 = 1 +
k1(1) + Cy. This yields to the inequality

J ().

k—s
u_—
n

m—1
Wy (6xQkm: 5:0) < D C1CHCy!
s=0

15



Then we obtain

W, (1" 1) < Wy, (n, . 7) chc cps!

;s‘ (= )"

n

Then the result will easily follow if we prove that sup,, ; ., 71'2”) fP < oo. Setting ¢, = W), (ni ), m) and

Cy= ZT:_OI(S + 1)’<Cf+1C2C21‘5‘1 and using our previous inequality, we have

W, ( % ) ( )l/p

(r+C—)ckm+rW( )+—(1+K2)

IA

Ck

IA

Then, if ng is such that for all n > ngy, r + % < 1, the last inequality, Proposition 3 and Lemma

3 guarantee that SUD,y> g k<n ni”)f” is finite and only depends on p,d,r, Cy, Ca,k1(1), ..., k1 (m), k2, k.
1

Moreover if n < ng, we have (ﬂ]((") fP ) v < (Cq + 1) (mo fP )!/P_ This concludes the proof for the case

j=1

. Now for j > 2, we define a coupling of ( T, j) as follows. First we consider an optimal cou-

pling F;k’j"_)l of (nk 10 T, j—l) and for each (x y) € E?, we define an optimal coupling Aik;gu of

((5 Qk+j,6 Qu) From Villani (2009), Corollary 5.22, it is possible to choose this optimal coupling

such that the application (x,y) — Aiky”; is measurable. Now we define

T80, dyy,...odxjdyp) = A (dg, dy TSP (dx,dyy, . dxordyo).

Xjm1:Yj-1,Jsu

Then we easily deduce that

k
WP (1, 7)) < W (2 ) fW{; (544 @: 04, Q) TP, (dxts v, oty

Since
k+ j|

u— ——
n

W, (5);,»,1 Qri, Oy, Qu) <Cid(xj-1,yj-1) + C [1 + d()’j—hXO)]
This leads to

k+jl~

Wy () < (1+ COW, (7" T jo1) + Ca(l + k)

The results follows by a finite induction.

Finally, note that Condition 1 of Definition 1 follows from induction and the point 2 of Proposition 3,
because using the same type of arguments, we have

W (700 ) < (L + COW (i1, 1) + Co(1 + k) fu = v~

The proof of the Theorem is now complete.O
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3.1 Mixing conditions

We now introduce another useful coefficient: the T—mixing coefficient introduced and studied in Dedecker
and Prieur (2004) that we will adapt to our triangular arrays. This coefficient has been introduced for Banach
spaces E. In the sequel, we denote by A|(E) the set of 1-Lipschitz functions from E to R. Assume first that
E =R and as for the f—mixing coeflicients, set X,, ; = 0 for j > n. Then setting

U (7, Xaiss) = sup {[B[F (Xuse SF)] B[ (i) £ € M)
the 7,—mixing coefficient for the sequence (X;”))jez is defined by
Ta(j) = sllelgE [U (?;(”),Xn,,u, ])]
Now for a general metric space E, the 7,—mixing coefficient is defined by

N Q) w
)= sup spB[U (7S (Kuse))]

Note that, if in,,- denotes a copy of X, ;,
7u(j) < Sup Bd (X, i, X4,
i€Z
For bounding this mixing coefficient, the following assumption, which strengthens assumption B2 in the
case m > 2 and p = 1, will be needed.
B4 There exists a positive real number € such that for all (&, uy, ..., u,) € [0, 177+ satisfying |u; —u| < €
for 1 <i < m, we have
W1 (650, -+ Quy 0yQuy - Quy,) < r(x,y),
where m and r are defined in assumption B2.

Proposition 4. Assume that assumptions B2 and B4 hold true. Then there exists C > 0 and p € (0, 1), only
depending on m,r,C1, € such that .
() < Cp]-

Proof of Proposition 4 We first consider the case n > m/e. Now if k is an integer such that k +m — 1 < n,
note that assumption B4 entails that

Wi (qu---QmT-l,ng---Q%)Srwlw,v), ©)

where the probability measures ¢ and v have both a finite first moment. If j = mt + s, we get from (9) and
Assumption B2,
a(j) < Cir' supE [W1 (5Xn’i,7ri."))] < 2supEd (X,;, xo) - Cir'.
i€Z i€Z
We have seen in the proof of Theorem 3 that sup, .7 ;., Ed (X,.i, x0) < 0.
Now assume that n < m/e. If j < n, we have
7n(j) < 2supEd (X,..4, X0) - CT/E.
i€Z
Now if j > n, we have since (X, ;) j<o is stationary with transition kernel Q,
1,(j) < 2supEd (X1, x0) - C7< 5.
i€Z

This leads to the result for p = !/ and an appropriate choice of C > 0.0
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Note. Let us remind that Proposition 4 implies a geometric decrease for the covariances. This is a conse-
quence of the following property. If f : E — R is measurable and bounded and g : E — R is measurable
and Lipschitz, we have

Cov (f (Xni)» & (Xni+j)) < Iflls - 6(8) - 7).
3.2 An extension to g—order Markov chains

We start with an extension of our result to Markov sequences of order ¢ > 1 and taking values in the Polish
space (E,d). Let{S, : u € [0, 1]} be a family of probability kernels from (E?, B(E?)) to (E, B(E)). The two
following assumptions will be used.

H1 Forallx € E9, §(Xx,) € Pp(E).

H2 There exist non-negative real numbers a1, a, . .., a, satisfying Z;I.zl aj < 1 and such that for all (u, X, y) €
[0,1] X E1 X E1,

M=

Wp (Su(x,°),Suly,") < ajd(xj> yj)~

j=1
H2 There exists a positive real number C and « € (0, 1) such that for all (u,,v,x) € [0,1] X [0,1] X E9,
q
Wy (Su(%,),84(%,)) < C| 1+ " d(xj, x0) [Ju = vI“
j=1

To define Markov chains, we consider the family of Markov kernels {Q,, : u € [0, 1]} on the measurable
space (E1, B(E)?) and defined by

Qu (x,dy) = Su (X, dyg) ®6.:,01) © -~ ® 85, (dyg-1).

Corollary 2. If the assumptions H1-H3 hold true then Theorem 3 and Proposition 4 apply.

Proof of Corollary 10 Assumption H1 entails B1. Then we check assumption B3. If (u,v,x) € [0, 1] X
[0, 1] x EY, let ax 4, be a coupling of the two probability distributions S, (X, -) and S,(X, -). Then

Yrunldy,dy') = @ up(dyg, dy,) 8 8y, (dy)) @ 6., (dY))
defines a coupling of the two measures dxQ, and 6xQ,. We have

1/p

Wp (0xQu, 0x0,) < [fd()’q,y/q)pa'x,u,v(dyq, dy:])
By taking the infinimum of the last bound over all the couplings, we get

Wp (6xQu, 6va) < Wp (Su (Xa ) s Sv (X’ )) s

which shows B3, using assumption H3.
Finally, we check assumptions B2 and B4. For an integer m > 1, (uy,...,u,) € [0,1]" and (x,y) € EY X E1,
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we denote by axy, an optimal coupling of (§,(x, ), S,(y,-)). From Villani (2009), Corollary 5.22, there
exists a measurable choice of (X,y) = axy,,. We define

q+m
(Xq+1Yg+1)
’)Im,(:t],,,fl,um (d-xq+1 LR dxq+m’ dYq+l IR dyq+m) = l_l axi,yi,u;(dxi, d)’i),
i=q+1

where Xj = (x;_1, ..., Xi—¢). Let Q = E" X E™ endowed with its Borel sigma field and the probability measure

P = you ¥ Then we define the random variables zZ

X, . “ . .
qujl (W1, w2) = W, ZZj}l(wl,wQ = wyj for j = 1,...,m. By definition of our couplings, we have

Xq+1 :xJ',ij'qﬂ =yjforl < j<gandforl<;j<m,

EI/P [d (Z:q+l,Zz’q+l)p:| < i ajEl/‘D [d (Z:E;l’zli’g;l)p] )
=

Using a finite induction, we obtain

El/P [d (Z:qu’zz’qﬂ)P] < a,g 1n<13<x d(x;,y;),
=J=q

where @ = Z?:l a;. Setting X}, = (Z"

X : .
m—gt17 ,Zm), this entails

Wp (5xQu1 e Qum, 6yQu1 e Qum) E]/p [dq (XZ’X%)p]

9 m—j+1
< a ¢ max d(xj,y;)
> 1<j<q
J=1
q )
m—j+1
< Dt dyxy).

J

Then B2-B4 are satisfied if m is large enough by noticing that Wi < W,,. O

3.3 Examples of locally stationary Markov chains

Natural examples of a g—order Markov chain satisfying the previous assumptions are based on time-varying
autoregressive process. More precisely, if £ and G are measurable spaces and F : [0,1] X E9 X G — E, the
triangular array {X,,; : i < n,n € Z*} is defined recursively by the equations

i .
Xoi = F (2 Xuiotoo Xuigai) i (10)
where the usual convention is to assume that

Xni=F(0.Xpi1,.. Xnicg&i), i<0.
Then, if S ,(x, -) denotes the distribution of F (1, x,, ..., x1, 1), we have
Wy (Su(X. ). Su(y. ) < BV [d (F (u.xq ... x1.81) . F (.yq. .. y1. 1)) |
Wy (Su(x.).S,(x,) < BV [d(F (uxg.....x1.81) . F (v xg.....x1.1)) |
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Then the assumptions H1 — H3 are satisfied if for all (u, v, x,y) € [0, 1] X [0, 1] X E? X E1,
E!/P [d(F(u, xq,...,xl),xo)p] < 00,

e

EVP [d (F(u, Xgs s X1, F(u,yg, ... ,yl))p] < ajd (Xq—j+l’yq—j+1)
j=1

and
q
El/pP [d (F(u, Xgsoo s X1, F(V, Xgy 0. xl))p] <C [1 + Z d(x;, XO)] < Ju— v~
j=1
A typical example of such time-varying autoregressive process is the univariate tv-ARCH process for which

q
Xi =& J ao(i/n) + Y ajli/mX2,_,
j=1
with E&; = 0, Var & = 1. The previous assumptions are satisfied for the square of this process if the a;’s are
k—Holder continuous and if

q
||§,2||p- sup aj(u) < 1, for some p > 1.
=1

u€l0,1] I

See Fryzlewicz et al. (2008) and Truquet (2016) for the use of those processes for modeling financial data.

Note. The approximation of time-varying autoregressive processes by stationnary processes is discussed
in several papers. See for instance Subba Rao (2006) for linear autoregressions with time varying random
coeflicients, Vogt (2012) for nonlinear time-varying autoregressions or Zhang and Wu (2015) for additional
results in the same setting. However, the approximating stationary process of (10) is given by

Xi(u) = F (u, Xi 1 (). ... Xi—g(u). &).

Note that W), (ﬂ,({"),m,) < EVp [d (X,E”),Xk(u))p] and the aforementioned references usually study a control

of this upper bound by 'u - ],—‘I'K + % Note that in the case of autoregressive processes, a coupling of the
time-varying processes and its stationary approximation is already defined because the same noise pro-
cess is used in both cases. However it is possible to construct some examples for which 711(:') = m, and
EYP [d (X1, Xx(w))’] # 0, i.e the coupling used is not optimal. Nevertheless, it is still possible to obtain
an upper bound of E!/? [d (X,(("), Xk(u))p] using our results. To this end, let us assume that ¢ = 1 (otherwise
one can use vectors of g—successive coordinates to obtain a Markov chain of order 1) if u € [0, 1], and we
consider the Markov kernel form (E2, B(Ez)) to itself, given by

0 (x1, x2,A) = P((F(v, x1,€1), F(u, x2,81)) € A), A€ BE?), vel0,1].

One can show that the family { ﬁ”) 1v e |0, 1]} satisfies the assumptions B1 — B4 for the metric

d> [(x1,%2), 01, ¥2)] = (@(x1, 1) + d(x2,y2)P) /7 .

Moreover, the constant in Theorem 3 does not depend on u € [0, 1]. Then Lemma 4 guarantees that there
exists a positive constant C not depending on k, n, u such that

kI 1

EYP (d (Xi s Xe(w))?) < C ||u - .

+—|.
nK
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Iteration of random affine functions Here we assume that for each u € [0, 1], there exists a sequence
(Ag(u), B;(u)),c7 of i.i.d random variables such that A,(u) takes its values in the space M, of squares matrices
of dimension d with real coefficients and B,(u) takes its values in E = R?. Let || - || a norm on E. We also
denote by || - || the corresponding operator norm on M. We then consider the following recursive equations

I i
Xni=A; (_)Xn,i—l + B; (—) (11)
n n

Local approximation of these autoregressive processes by their stationary versions X,(u#) = A;(u)X;—1(u) +
B;(u) is studied is studied by Subba Rao (2006). In this subsection, we will derive similar results using our
Markov chain approach. For each u € [0, 1], we denote by 7, the top Lyapunov exponent of the sequence

(At(“))zez’ ie |
Yu = inf —Elog||A,(w)Ap-1(u) - - - A1 (@)]].
n=ln

We assume that there exists ¢ € (0, 1) such that
R1 forall u € [0, 1], E||A1(w)||" < oo, E||B;(u)||' < o0 and y,, < 0.

R2 There exists C > 0 and ¥ € (0, 1) such that for all (x,v) € [0, 1]%,

EllA (1) — Ay + ElIB1(w) = BiWII' < Clu — v[.

Proposition 5. For s € (0, 1), we set d(x,y) = ||x — y||*. Assume that assumptions R1 — R2 hold true. Then
there exists s € (0, t) such that Theorem 3 applies with p = 1, x = fx and d(x,y) = ||x — y||* and xo = 0.

Notes

— s

1. Using the remark in the Note of Section 3.3, we also have E|| X, x — Xxw)||* < C (|u - §|K + ni;) , where
the process (X j(”))jez
{Xnx : k <n,neZ}is locally stationary in the sense given in Vogt (2012) (see Definition 2.1 of that
paper).

satisfies the iterations Xy (u) = Ax(u)Xk—1(¢) + Br(u). Then the triangular array

2. One can also give additional results for the Wasserstein metric of order p > 1 and d(x,y) = [|lx — y|| if
ElA1@)IP +EIB1@)llIP < oo,  EYPl|A1w) — AiWIIP + EP|1B1(u) - ByWIIP < Clu — v*

and there exists an integer m > 1 such that SUP,e[0.1] E||A,(u) - - Ai(w)||P < 1. In particular, one can
recover results about the local approximation of tv-AR processes defined by

q
Xoi = Y ajli/mXnij + o(i/m)e;
-

J

by vectorizing g successive coordinates and assuming k—Holder continuity for the a;’s and o. Details
are omitted.
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Proof of Proposition 5 For all (x, ) € RY x [0, 1], the measure 5,0, is the probability distribution of the
random variable Ay (u)x+ By(u). Condition A1 of Theorem 3 follows directly from assumption R1 (whatever
the value of s € (0, ¢)). Moreover, we have for s € (0, 1),

W1 (6:Qu6:00) < EllAww) = Al - lall* + EllBi(a) = B(w)ll
< (1 + 1) - (B Ak(w) = AW + EF 1Bi() = BeWII).

This entails condition A3, using assumption R2. Next, if u € [0, 1], the conditions y,, < 0 and E||A(u)|" < oo
entail the existence of an integer k, and s, € (0,7) such that E||Ag, (u)Ax,—1(u)--- A1 ()|’ < 1 (see for
instance Francq and Zakoian (2010), Lemma 2.3). Using the axiom of choice, let us select for each u, a
couple (ky, s,) satisfying the previous property. From assumption R2, the set

O, ={vel0,1]:EllAr, WAk,-1(v)--- Ai(W)||* < 1}

is an open set of [0, 1]. By a compactness argument, there exist uy, ..., uy € [0, 1] such that [0, 1] = U?leui.
Then setting s = min;<;<y4 5,,; and denoting by m the lowest common multiple of the integers k,,, . .., k,,, we
have from assumption R2,
r= sup E|lA,w)- - Ai)|® < 1.
u€l0,1]

This entails condition B2 for this choice of s, m and r. Indeed, we have

Wi (6001, 6,0) < EllAu() -+ A1(w)(x = I < rd(x,).

Note also that condition B4 easily follows from the uniform continuity of the application (u,...,u,;) —
EllAn(ur) - - Ay (un)ll* .0

Time-varying integer-valued autoregressive processes (tv-INAR) Stationary INAR processes are widely
used in the time series community. This time series model has been proposed by Al Osh and Alzaid (1987)
and a generalization to several lags was studied in Jin-Guan and Yuan (1991). In this paper, we introduce a
locally stationary version of such processes. For u € [0, 1] and j = 1,2,...,q + 1, we consider a probability
{j(u) on the nonnegative integers and for 1 < j < g, we denote by a(u) the mean of the distribution ;(u).
Now let

nA J

Y= 35 03

j=1 i=1

Y\ k), 172") (k, j,i,h) € Z4} contains independent random vari-

(n)

where for each integer n > 1, the family {

ables and such that for 1 < j < ¢q, ¥ (." < has probability distribution {;(k/n) and n,” has probability
distribution {,41(k/n). Note that, one can define a corresponding stationary autoregressive process. To
this end, we denote by F;, the cumulative distribution of the probability {;(u#) and we consider a fam-

ily {U ® Vi (@, j k) e Z3} of i.i.d random variables uniformly distributed over [0, 1] and we set Y(" b~

F ]‘k /n (U (k)) where for a cumulative distribution function G, G~! denotes its left continuous inverse. Then

one can consider the stationary version

Xi(u) =
J

q Xp-j(w)
k _
Fiu(US)+ Fol L, V.

=1

i=1

The following result is a consequence of Corollary 10. Only the case p = 1 is considered here.
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Corollary 3. Let d be the usual distance on R. Assume that sup, 1 Z?zl aj(u) < 1, {441 has a finite first

moment and W ({,(u),g“j(v)) < Clu—v|forC >0,k € (0,1)and 1 < j < g+ 1. Then Theorem 3 and
Proposition 4 apply.

Example. Stationary INAR processes are often used when /; is a Bernoulli distribution of parameter
aj € (0,1) for I < j < gand {4 is a Poisson distribution of parameter A. This property guarantees that
the marginal distribution is also Poissonian. Condition Z?zl a; < 11is a classical condition ensuring the
existence of a stationary solution for this model. In the locally stationnary case, let U be a random variable
following a uniform distribution over [0, 1] and (;); be a Poisson process of intensity 1. Then, we have

Wi (£5w). £() < B Q<o) — Luzam)| < |aj) - a;0)]

Wi (Lg10). £g1 (7)) < B[ Nay = Nagy| < 12w) = A)].
Then the assumptions of Corollary 3 are satisfied if the functions «; and A are k—Holder continuous and if
I i) < Luel0,1].

Note. One can also state a result for p > 1. This case is important if we have to compare the expectation
of some polynomials of the time-varying process with its the stationary version. However, in the example
given above, a naive application of our results will require Z;’.Zl a j(u)l/ P < 1. Moreover, one can show that a
k—Holder regularity on «/; and A entails a %—Hdlder regularity in Wasserstein metrics. For instance if g = 1,

we have W), (60Qu, 00Qy) > |A(u) — /l(v)ll/ P In order to avoid these unnatural conditions for this model, we
will use the approach developed in Section 4.

4 Local stationarity and drift conditions

In this section, we will use some drift and minoration conditions to extend the Dobrushin’s contraction
technique of Section 2. A key result for this section is Lemma 5 which is adapted from Lemma 6.29 in
Douk et al. (2014). This result gives sufficient conditions for contracting Markov kernels with respect to
norm induced by a particular Foster-Lyapunov drift function. The original argument for such contraction
properties is due to Hairer and Mattingly (2011). This important result will enable us to consider additional
examples of locally stationary Markov chains with non compact state spaces. For a function V : E — [1, o0),
we define the V—norm of signed measure u on (E, B(E)) by

ffdﬂ’. (12)

lllly = sup
FIf DIV

4.1 General result

We will assume that there exists a measurable function V : E — [1, c0) such that

F1 there exist € > 0, 4 € (0, 1), an integer m > 1 and two real numbers » > 0, K > 1 such that for all
u,uy,...,uy € [0,1] satistying |u — u| < €,

0.,V <KV, Qul"'Qu,,lVS/lv+b.
Moreover, there exists 7 > 0, R > 2b/(1 — 1) and a probability measure v € P(E) such that
6)CQM| e Qum Z 77V, lf V(X) S Ra
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F2 there exist k € (0,1) and a function V:E—> (0, ) such that sup,,¢(g 1 nuv < oo and for all x € E,
16x0u = 6,0llv < V() — |~

We first give some properties of the Markov kernels Q, with respect to the V—norm.
Proposition 6. Assume that assumptions F1 — ¥2 hold true.

1. There exist C > 0 and p € (0, 1) such that for all x € E,

sup 116,05 — mllv < CV(x)p’.
uel0,1]

Moreover sup,¢(g 1) T,V < co.

2. There exists C > 0 such that for all (u,v) € [0, 113,

Iy = mlly < Clu—v|*.

Proof of Proposition 6.
1. According to Lemma 5, there exists (y, ) € (0, 1)? only depending A, b, i, such that

lluR = RIly;

v € P(E), pVs <o00,vVs < oo} <v,
llee = vlv,

Ay, (Q)) = SUP{
with Vs = 1 -6 +06V. From Theorem 6.19 in Douk et al. (2014) and Assumption F1, we have a unique
invariant probability for Q,, satisfying 7,V < oo and for u € P(E) such that uV < oo, we have

1Oy — mlly, < max Ay, (O™ — 7y,
0<s<m-1

Note that || - ||y, < |- |lv < %ll -|lv, and the two norms are equivalent. Using Lemma 6.18 in Douk et al.

(2014), we have
5.0% —6.,0° I
Ay (05 = sup 1020 = Cullvy _ K
X#Y Vé(x) + ng}) S
Then it remains to show that sup,cg )7,V < oo or equivalently sup,cjo1;7.Vs < oo. But this a

consequence of the contraction property of the application u — uQ7 on the space

Ms={ueP(E): uVs < oo}

endowed with the distance ds(u,v) = ||t — vlly,, which is a complete metric space (see Proposition
6.16 in Douk et al. (2014)). Hence we have

' j+1
p—m= " [now - uQ]
j=0
which defines a normally convergent series in M and

ST uV + K"uv
=l < 0¥l = Qi < ===
=0

This shows that sup,¢(9 177,V < oo and the proof of the first point is now complete.
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2. To prove the second point, we decompose as in the two previous sections «, — m, = 7, 0% — 1,0 +
m, Q) — m, Q). This leads to the inequality

I, Qi — 7, Qv
-y

ll7r,, — ﬂ-V”Vo‘ <

Moreover, we have

||7TVQ:¢n_7TvQ:;n“V5 < ||7TvQ;n_7TvQ’vn”V
m—1
| )
< 7,0 (0 — Q)OI
J=0
m—1

Km0 710, - 0ully

gk

Jj=0
m—1
< K -m,V-lu-v~
Jj=0
Hence the result follows with C = qup“e o7/ Z’” ' Kio

Now, we give our result about local stationarity.

Theorem 4. 1. Under the assumptions ¥1 — F2, there exists a positive real number C, only depending
onm, A,b, K and sup ¢ 1,7,V such that

kI 1
u-—| +—
n

|m?—nmvsC[ pr

2. Assume that assumptions F1 — ¥3 hold true and that in addition, for all (u,v) € [0, 1]2,

16xQu = 6xOQllrv < L(O)|u — v with G = sup EL(X¢(u))V(Xe (u) < 0.
uel0,1]
1<t/<t

On P(E'), we define the V—norm by

I1A1lv =SuP{ffd#5 FACTIN )] B~ V(X1)+“'+V(Xj)}.

Then there exists C > 0, not depending on k, n,u and such that,

kI 1
u-—| +—
n

(n)
7 ; = Aully < C "

Moreover, the triangular array of Markov chains {X, ;. : n € Z*, k < n} is locally stationary.
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Proof of Theorem 4. We assume thatn > 2.

1. We start with the case j = 1. Under the assumptions of the theorem, Lemma 5 guarantees the existence
of (7,8) € (0, 1)? such that for all k < n, Ay, (Qw . Qk) <y with Vs = 1 — 5 + 6V. In the sequel,
we set Ok = Qem+1 -+ - Q. Then we get

(n)

I = allv, < YA = mallv, + 17 Qrm — 7Py,

Now using F1 and F3, we get

ME

Ith11Q¥—Q4Q%ﬂmQﬂv

||7Tqu,m - ﬂ-uQZIHV

j=0
m—1 C1K
j —-j+15 k-
< K m, Ol V.‘u k=J
J=0
< K™ sup m,V Z u——
u€l0,1] s=k—m+1

This shows the result in this case, by noticing that || - [y, < |- [lv < 67| - [lv,.

Now, if n < m/e, we have

m m ms
llmy — mully < ﬂ,(C")V + sup m,V<K- (1 + sup ﬂuV) < K- (1 + sup ﬂuV] —n X,
uel0,1] uel0,1] uel0,1] €

which leads to the result.
2. Assume that the result is true for an integer j > 1. Let f : E/*! - R, be such that S, xj) <
V(x1)+---+V(xjs1). Setting s; = {:1 V(x;) and gj(xj+1) = f(x1,..., Xxj+1), we use the decomposition
&:gﬂ&QA«&_VﬁMQ§WW+VIW&gHP

and we get

IA

6X.f+l Qk+’11'+1 gj - 6Xj+l ng]| 6)6.,'4.] Qk+fl'+l - 6Xj+] Qu

+ sj”6 +1 Qk"'/‘*'l - 5)Cj+] QMHTV

k+j+ 1|

IA

[V (xj01) + (V) + -+ + Vi(x)))

This yields to
k+j+1["

I, j ® Qrejrt — 1y jsilly < 2( sup 7ruV+jG) u-—
n uel0,1]

On the other hand
) ® Queser =) lly < (1+ KDl = 1 llv-

The two last bounds lead to the result using finite induction. Moreover, using the same type of argu-
ments, one can check the continuity condition 1 of Definition 1.0
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One can also define a useful upper bound of the usual f—mixing coefficient which is useful to control
covariances of unbounded functionals of the Markov chain. More precisely, we set

By () = sup Ellx” = 8%, Qucses -+ Qv

k<n
We have the following result which proof is straigthforward.

Proposition 7. Assume that assumption ¥1 holds true and that n > m/e. Then if j = mg + s, we have

,B(V)(]) <2671 SUDPk<, ﬂ,ﬁ")V - K*y8, where 6,y € (0, 1) are given in Lemma 5.

Notes

1. From the drift condition in F1, we have n(")V < lb 7 forn > m/e. Hence sup,cz+ 4, 7, My < .

2. We did not adapt the notion of V—mixing given in Meyn and Tweedie (2009), Chapter 16. However,
let us mention that if A = sup;,, ez+ 7Tk [|g|V] < oo, we get the following covariance inequality

[Cov (8 (Xnk-s) £ (Xni))| < 267 AR,

when j = mg + s.

4.2 Example 1: the random walk on the nonnegative integers

Let p,q,r : [0,1] — (0, 1) three k—Holder continuous functions such that p(u) + g(u) + r(u) = 1 and

plu g < 1. For x € N*, we set Q,(x, x) = r(u), Q,(x,x+ 1) = p(w) and Q,(x, x — 1) = g(u). Finally Q,(0, 1) =
1 — 0,(0,0) = p(u). In the homogeneous case, geometric ergodicity holds under the condition p < g. See
Meyn and Tweedie (2009), Chapter 15. In this case the function V defined by V(x) = z* is a Foster-Lyapunov
function if 1 < z < ¢g/p. For the non-homogeneous case, let z € (1, e) where e = min,eo,17g(u)/p(u). We
set y = maxy,e[o,1] {r(u) + p(u)z + q(u)z‘l} and p = maxeo,1] p(u). Note that

v<1+p(z—-1) max [1— q() ] < 1+1_)(z—1)[1—f] <1.
u€l0,1] p(u)z z

Then we have Q,V(x) < yV(x) forall x > 0 and Q,V(0) = p(w)z+(1—-p(u)) < ¢ = p(z—1)+1. For an integer
m > 1, wehave Q,, ---Q,,V <y"V+ lf—y If m is large enough, we have m < 1. Moreover, for
such m, if R = V(m), we have {(V < R} ={0,1,...,m} and if x = 0,...,m, we have 6,0, - - - Qy, = ndo for
an > 0. Assumption F3 is immediate. Moreover the additional condition in the second point of Theorem 4
is automatically checked with a constant function L.

However this example is more illustrative. Indeed parameters p(u) and g(u) can be directly estimated by

n—1 n—1

plu) = Z ei(”)]an,m—Xn,f:l’ q(u) = Z ei(”)]an,in— ni=—1s

i=1 i=1

where the weights e;(«) are defined as in Subsection 2.3. The indicators are independent Bernoulli random
variables with parameter p (’“) or g (’“) and the asymptotic behavior of the estimates is straightforward.
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4.3 Example 2: INAR processes

We again consider INAR processes. For simplicity, we only consider the case ¢ = 1 with Bernoulli counting
sequences and a Poissonian noise. The parameters a(u) (resp. A(u)) of the counting sequence (resp. the
Poissonian noise) are assumed to be k—Holder continuous. We will show that our results apply with drift
functions V,(x) = x” + 1 for an arbitrary integer p > 1. To this end, we consider a sequence (Y;(«));>
of i.i.d random variables following the Bernoulli distribution of parameter a(u) and a random variable &(u)
following the Poisson distribution of parameter A(x). We assume that £(u) and the sequence (Y;(u));»( are
independent. For u € [0, 1], we have

X

6x0.V) 1+E (a(u)x +

p
(Yi(u) — a(w)) + é"(u))

i=1
J

p X
p TR
1+ a(u)’x’ + ( ) a(u)P~ xP ]E[ (Yi(u) — a(n)) + &)
Using the Burkholder inequality for martingales, we have for an integer £ > 2,

X ¢
l%zkmm—mw]s@ﬁggﬁmwrnstqﬁ,

i=1

where C¢ is a universal constant. Then, we deduce from the previous equalities that there exist two constants
N; and N, such that
604V < ' Vy(x) + Mix"™" + M.

To check the drift condition in F1 for m = 1, one can choose y > 0 such that A = max,.eo,1ja(@)’ +7y < 1

-1 . . . e . . .
and b = M, + (Mll)p . In this case, the minoration condition is satisfied on each finite set C with v = d
because

X
u\As 2 1 - -
Qu(x,0) ( max a(u)) eXP( max ﬂ(u))

and 17 = minye[o,1) Minxec Qu(x, 0) > 0. This shows_ that assumption F1 is satisfied by taking R large enough.
Finally, we show A3. Let u,v € [0, 1]. Denoting 4 = max,[o,1] A(#) and by u, the Poisson distribution of
parameter A(u), we have

Vp(k)

- (k/_l"‘l + 2") W) - A0,

< P - <
ulgg,)l(]#uvl’ <1+ EN/l’ Hﬂu ,uv”V,, = é

where (V)0 is Poisson process of intensity 1. Moreover, if v, denotes the Bernoulli distribution of pa-
rameter «(u), we have |lv, — wllv, < 3la(u) — @(v)|. From Lemma 6, we easily deduce that F2 holds for
V=C Vp+1 where C is a positive real number. Note that we have sup,¢(o 1 m,V < oo because V also satisfies
the drift and minoration condition.

Let us now give an estimator for parameter (a(u), A(1)). A natural estimate is obtained by localized least
squares. Setting a(u) = (a(u), A(u)) and Y,,; = (1,X,;-1)". Then we define

n

n n -1
a(u) = arg main Z ei(u) (Xn,i -y ;,,,-CY)Z = [Z e ()Y, Y :”] Z ei(W)Xni Y i,

i=2 =2 i=2
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where the weights e;(1) were defined in Subsection 2.3. Using our results and assuming that b — 0 and

nb — oo, we get
n

1
> eWEY, Y, = BEY (Y iu) + 0 (bK + n—) =0 (1.
i=2

In the same way, we have

ei(WEX, Y, = EXiwYi(u) + O (bK + %) =0(b).
i=2

Moreover, using our covariance inequality (see the notes after Proposition 7), we get
n
Var (Z ei(u)yn,,‘y;l’i] = 0((nb)_1).
i=2

Moreover using the decomposition X, ; = y; a(i/n) + Xy —E (Xn.ilFn,i-1) where Fp; = o (Xn’j (j< i) and
the fact that for all p > 1, sup,cz+ 4, BlXn | < o0, we also obtain

Var (Z ei(u)yn,ixn,i] = 0(mb)™").

i=2

Vb
control of a(u) — a(u) can also be obtained using adapted results for strong mixing sequences.

Collecting all the previous properties, we get a(u) = a(u) + Op (b’( + L) Asymptotic normality or uniform

S Auxiliary results

5.1 Auxiliary result for Section 2

Proposition 8. Let (H @)

; ) | <im0 be a double array of real-valued random variables with finite variance

and mean zero. Let (ay(k))i=o be the sequence of strong mixing coefficients of the sequence (HE”)) L<i<nns0

and oz(_nl) be the inverse function of the associated mixing rate function. Suppose that

. Vn,i
lim sup max < 00, (13)
n—oo 1<i<n Vn,n

where Vy,; = Var ( ;.:1 H;")). Let

Oni = SUp {z €R, : P(|Hf”)

)

Then 3!, Hlf") converges to the standard normal distribution if

n 1
Va2 Y j; gy (/)05 (x)inf (@) (x/2)0ni(x), \Vin) dx — 0, (14)
i=1
as n tends to oo.
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5.2 Auxiliary Lemmas for Section 3

Lemma 1. Let u € P,(E) and O, R be two probability kernels from (E, B(E)) to (E, B(E)) such that
1. for all x € E, the two probability measures 6,Q and 6R are elements of P ,(E),

2. there exists C > 0 such that for all (x,y) € E?,

W, (6:0.6,0) < Cd(x.y), W, (8,R.6,R) < Cd(x.y).
Then, if u € P,(E), the two probability measures pQ, uR are also elements of P,(E). Moreover, we have
WE Q) < [ W] (6.0.6.R) dut) (1)
and if v is another element of P,(E), we have
W, wQ,vQ) < CWy(u,v). (16)

Proof of Lemma 1. Using Lemma 3 for f(x) = d(x, x¢), we have for a given y € E,

IA

1/p1P
fd(x, x0)’ Q(y, dx) {Wp((SyQ, 05, Q) + (fd(x, xO)PQ(xo,dx)) }

IA

1/p1P
{Cd(xo,y)+(fd(x, xo)pQ(xo,dx)) l .

After integration with respect to y, it is easily seen that uQ € P ,(E).
To show (15), one can use Kantorovitch duality (see Villani (2009), Theorem 5.10). Denoting by Cp(E) the
set of bounded continuous functions on E, we have

WP (WQ.uR) = sup { f S(OHO(d) - f w(wa(dy)}
d(X)—yY(y)<d(x,y)P (¢ Y)ECH(E)

f [ sup { f () Q(z, dx) - f Y(MR(z, dy)}]u(dz)
SOOIy (A)ECh(E)

[ w6008 ua,

IA

IA

Finally, we show (16). Let ¢, be two elements of C,(E) such that ¢(x) — y¥(y) < d(x,y)” and y an optimal
coupling for (u, v). Then, for u,v € E, we have

f () Q(u, dx) - f YO, dy) < Wy (6,0,6,0) < CPd(u, v)".

Moreover,

[ st - [wowoay = [ ydu.a [ [ sow.an- [vmeo. dy)].
Then (16) easily follows from Kantorovitch duality.oo
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Lemma 2. Let j > 1 be an integer. Assume that Q1,...,Qjand Ry, ...,R; are Markov kernels such that for
allxe€ Eand 1 <i < j, 6,0; and 6R; are elements of P ,(E) satisfying

W) (6:01,6,Q;) < Lid(x,y), W, (6.Ri, 6,Ri) < Lid(x, ),

for all (x,y) € E%. Then, for all x € E, we have

~.
|
—_

Wp (6le Q) 0xRy "'Rj) <) Lj--Lj-s1Djy,

N

1l
(=)

where D! = [ W7 (8,0, ,R;) 6xR; -+~ Ri_1(dy).
Proof of Lemma 2 Using the inequality
j—1
Wy (6001 Qjs Ry -+ R;) < D Wy (6eR1 -+ Rjg 1 Q-+ Qs SeR1 -+ Rjs Qi1 -+ Q).
s=0

the result follows using Lemma 1.0

Lemma 3. If f : E — Ris a Lipschitz function, then for all measures u,v € P,(E), we have

(Frof (o)

where 6(f) denotes the Lipschitz constant of f:

< 6(HWp(u,v),

- )
=8y

Proof of Lemma 3 If y denotes an optimal coupling for (u, v), we get from the triangular inequality,

1/ 1/
(frra)” ([ ra)”
1/p l/p

‘( f f”(x)dy(x,y)) - ( f ff’(y)dy(x,w)

1/p
( f £ = FO)Pdyx, y))

IA

IA

1/p
5(f) ( f d(x,y)dy(x, y>) .

which leads to the result of the lemma.nO

Lemma 4. Let X and Y two random variables taking values in (E, d) and such that Px, Py € P4(E). On
E X E, we define the metric

d ((x1,%2), (31, y2)) = (d(x1, y1)P + d(x2,y2)")' /7 .

Then we have o
W, (Pxy,Pyy) =27 7 EVP (d(X,Y)").

31



Proof of Lemma 4 Consider the Lipschitz function f : E X E — R defined by f(x1, x2) = d(x1, x2). Using
p-1
P

the triangular inequality and convexity, we have 6(f) < 2
3.0

. Then the result is a consequence of Lemma

5.3 Auxiliary Lemmas for Section 4

The following result is an adaptation of Lemma 6.29 given in Douk et al. (2014). The proof is omitted
because the arguments are exactly the same. See also Hairer and Mattingly (2011) for the original proof
of this result. Note however, that we use the condition R > % instead of R > i 1%13)2 because coefficients
(4, b) are obtained for m iterations of the kernel (in Douk et al. (2014), these coeflicients are that for the case

m = 1). For a Markov kernel R on (E, B(E)), we define its Dobrushin’s contraction coefficient by

luR — vRIlv

u,vePE), uV<o,vV< oo}.
llee = vilv

Av(R) = sup{

Lemma 5. Under assumption F1, there exists (y,6) € (0,1)?, only depending on A,1,b, such that for all
(u,uy, ..., up) € [0, 17" such that u; — u] < €, 1 < i < m, we have

Ay, (Qu, -+ Qu,) <7y, where Vs =1 -6+ V.

Lemma6. Let X1, Xo,...,X,, Y1, Y2,..., Y, beindependent random variables such that A, = max<;<, BEV(X;)V
EV(Y;)) <o forl <i<n withV(x)=1+|x|” and p = 1. Then we have

sup [Ef(Xy + -+ X)) —Ef(Y1 + -+ ¥,)| < 22" nP* L A - max |[Py, — Py ly.
|f|SV 1<i<n

Proof of Lemma 6. Note first that if | f(x)] < V(x) for all x € E, then |f(x + y)| < 2PV (x)V(y). This leads

to
EfX1+ -+ X)) —Ef(Y1 + -+ Yyl
n
< Z|Ef(X1 +---+Xj_1 +Xj+Yj+1 +---+Yn)—f(X1 +---+Xj_1 +Yj+Yj+1 +---+Yn)
=1
n
< ZPZ”PXj—PYj“V'EV(Xl +"-+Xj_1 +Yj+1 +---+Yn)
=1
n
< 27— 1" " |IPx, - Py llvA,
=1
< 2PnP*1A, max |[Py, — Pyly.O
1<i<n
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