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Definition of liquidity

Two types of liquidity:

1 funding liquidity which rests on the liabilities of an investor or an
institution ⇒ depends on the capacity to raise new money quickly
and at interesting conditions

2 market liquidity which rests on the assets of an investor or an
institution ⇒ depends on the capacity to sell assets when need
without big losses
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Paradoxes of liquidity

Two paradoxes:

1 liquidity necessary to financial markets ⇒ more liquid are the
markets, more risky they become with leverage increase and
easy credit conditions

2 liquidity preference (Keynes) contrary to the diversification
principle (Markowitz)

⇒ Difficulty to integrate liquidity risk in portfolio choice.
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Motivations

Find a tractable solution.

Go beyond the classical liquidity risk treatment that define liquidity as
a constraint and not an opportunity (cf. Lo, Petrov and Wierzbicki [4]).

Integrate the two aspects of liquidity for a fund manager:

1 to be sought when financial markets are under normal conditions
(low volatility) with an adding risk premium (cf. Liu [3])

2 to be avoided when financial markets are stressed (large
volatility) with the difficulty to sell assets
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Outline

1 Theoretical framework: bid prices information and bid efficient
frontier

2 Empirical results

3 Conclusion and further reading
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Bid price definition

⇒ the highest price an investor can expect to get for a security when
selling it.

The bid price is lower than the ask price, which is the lowest price an
investor can pay for a security.

Intuition ⇒ they integrate the latent positive or negative yields
consecutive to the sale of securities composing the portfolio.
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Glosten and Milgrom model: actors

Glosten and Milgrom model [2] is composed by:

a specialist, who posts a bid price B at which he agrees to buy
the stock and an ask price A at which he agrees to sell the stock,

informed investors, who know what will be the future value of the
share from private information,

liquidity traders, who do not know anything but public information.
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Glosten and Milgrom model: parameters

A share with future value ⇒ either low (VL) or high (VH ).

Probability π0 determines if the share value will increase to VH .

Proportion of informed investors is λ and among the 1 − λ liquidity
traders there is δ sellers.

The specialist knows only the structure (π0, λ, δ).
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Glosten and Milgrom model: mecanism (1/2)

The specialist constructs:

the bid price conditional on whether the trade will be a sell,

and the ask price conditional on whether the trade will be a buy.

Prior probability π0 ⇒ updated by the specialist (Bayes formula)
according to the information that the future trader will be a seller (πB

1 )
or a buyer (πA

1 ).
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Glosten and Milgrom model: mecanism (2/2)

For example:

The future trader is a seller ⇒ the specialist anticipates that the price
integrates that the future trader may be informed and may know that
the share value will decrease to VL.

⇒ the seller is either an informed investor (proportion λ) or a liquidity
trader (proportion (1 − λ)δ) who do not know in advance the future
value but will sell the share when he will observe its fall.
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Glosten and Milgrom model: calculations

Property

The bid price is therefore:

B = πB
1 VH +

(

1 − πB
1

)

VL

with:

1 − πB
1 = P (VL|Seller)

=
P (Seller|VL)P (VL)

P (Seller|VL)P (VL) + P (Seller|VH)P (VH)

=
[λ + (1 − λ)δ] (1 − π0)

[λ + (1 − λ)δ] (1 − π0) + (1 − λ)δπ0
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Beyond Glosten and Milgrom model (1/2)

Let us consider a simple example:
π0 = 0.5, VH = 11, VL = 1, λ = 0.1 and δ = 0.5.
⇒ the bid-ask spread is [5.5; 6.5].

Then, 2 different situations:
1 normal: the liquidity traders want to sell their shares to take their

profits due partially to liquidity risk premium (case of start-up
companies for example which became mature after the
speculative internet boom) ⇒ δ = 0.8.

2 stressed: lots of traders know that the share price will be VL so a
large part of traders are informed investors and the specialist will
diminish the bid price because he knows that he can buy the
stock very cheaply ⇒ λ = 0.4.
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Beyond Glosten and Milgrom model (2/2)

Benchmark Normal Stressed
Ask price 6.5 7.09 8
Bid price 5.5 5.66 4

Table: Simulation of ask and bid prices determined by the specialist
according to three different situations

⇒ partial integration of liquidity risk on bid prices.
Partial because liquidity risk cannot be reduced to bid prices evolution
and because in bid prices formation there are other explicative
components besides the liquidity risk premium.
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Bid efficient frontier under mean-variance
framework: assumptions

Investment optimization on one period.

Assumption

Perfect information ⇒ asset returns R are not predictable: they are
independent from available information at time t.

Assumption

R ∼ N (µ0, Σ0).

Assumption

Expected CARA (Constant Absolute Risk Aversion) utility axiom. The
utility function has only one risk aversion parameter γ.
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Bid efficient frontier under mean-variance
framework: objective

The objective of the investor is to determine α, the vector of
allocations expressed in values, maximizing his global satisfaction got
out from future wealth at the following period:







max
α

α′µ0 −
γ

2
α′Σ0α

s.t. Wt = 1

Prices of the n risky assets are all normalized to 1.

Let us notice there is only the budget constraint and there are no
constraints on short sales.
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Bid efficient frontier under mean-variance
framework: calculations

Property

The efficient frontier has for expression with (µp, σp) the expected
return and standard deviation of the efficient portfolio:

σp =

√

1
D

(

Cµ2
p − 2Aµp + B

)

The efficient allocation vector is:

α∗ =
1
D

(

BΣ−1
0 e − AΣ−1

0 µ0

)

+
1
D

(

CΣ−1
0 µ0 − AΣ−1

0 e
)

µp

with the following constants:

A = e′Σ−1
0 µ0 C = e′Σ−1

0 e B = µ′

0Σ−1
0 µ0 D = BC − A2

Pierre Clauss L IQUIDITY RISK INTEGRATION IN PORTFOLIO CHOICE: THE B ID EFFICIENT FRONTIER May 12th, 2010 16 / 23



Introduction
Theoretical framework

Empirical results
Conclusion

For further reading

Bid price definition
Glosten and Milgrom model
Beyond Glosten and Milgrom model
Bid efficient frontier under mean-variance framework

Bid efficient frontier under mean-variance
framework: estimation

Sample of i.i.d returns (R1, . . . , RT ) from random vector
R ∼ N (µ0, Σ0).

Property

µ̂ =
1
T

T
∑

t=1

Rt is an unbiased, consistent and asymptotically normal

estimator of µ0.

Property

Σ̂−1 =
1

T − n − 2

T
∑

t=1

(Rt − µ̂) (Rt − µ̂)′ is an unbiased, consistent

and asymptotically normal estimator of Σ−1
0 .
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Data

From Datastream and France Euronext markets: 20 stocks (without
sector bias).

Observation of allocations of stocks portfolios under normal and
stressed conditions.

Comparison between the traditional efficient frontier (from closing
prices) and the bid one, with a filter based on stocks capitalizations ⇒
large capitalizations stocks are more liquid than small capitalizations
stocks.

If bid prices take into account more efficiently liquidity risk, stocks
portfolios based on bid prices will be composed by:

1 more illiquid stocks under normal conditions (liquidity risk is
sought by the fund manager), i.e. small capitalization stocks,

2 and by more liquid stocks under stressed conditions, i.e. large
capitalization stocks.
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Bid efficient frontier under normal and stressed
conditions

Two different periods:

1 between March 2003 - beginning of the bullish trend after the
internet bubble - and June 2007:

for the same risk level, we can earn more return with bid prices.
small capitalizations are preferred.

2 between July 2007 - beginning of the subprime crisis - and
February 2010 - revelation of the Greek debt crisis:

for the same expected return, we have to take more risk with bid
prices so liquidity risk is less desired.
large capitalizations are favored.

⇒ liquidity risk seems to be integrated thanks to bid prices.
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Efficient frontiers
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Figure: Bid and closing efficient frontiers on March 2003-June 2007 and July
2007-February 2010
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Large cap vs small cap
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With closing prices
With bid prices

Efficient allocations 2003−2007

0.0
0.2

0.4
0.6

0.8

40.38 %
39.41 %

59.62 %
60.59 %

Large Cap Small Cap

With closing prices
With bid prices

Efficient allocations 2007−2010

0.0
0.2

0.4
0.6

0.8

53.66 %

59.14 %

46.34 %

40.86 %

Figure: Efficient portfolio allocations with µp = 23%
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Conclusion

Objective: to construct a tractable solution to integrate market liquidity
risk in portfolio choice via bid prices.

⇒ first step for future research:

to apply these results on emergent areas (China, India, Brazil,
etc.) but data on bid prices is nowadays still rare.

to go beyond the mean-variance framework.

to implement a prospective solution:
via risk aversion which could evolve when liquidity conditions
change.
via anticipation of liquidity and systemic conditions evolution thanks
to a liquidity index that we should determine precisely.
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