
On Balanced Random Imputation in Surveys

Guillaume Chauvet, Jean-Claude Deville and David Haziza

Summary

Random imputation methods are often used in practice because they tend to preserve

the distribution of the variable being imputed, which is an important property when

the goal is to estimate quantiles. A special case of random imputation, random hot-

deck imputation, is often used in practice if the variable being imputed is categorical

because it eliminates the possibility of impossible values. Also, it is used when it is

desired to impute more than one variable at the time because the same donor can be

used to impute all the missing values, which helps preserving the relationships between

variables. However, random imputation methods introduce an additional amount of

variability, called the imputation variance, due to the random selection of residuals.

In this paper, adapting the Cube method (Deville and Tillé, 2004) for selecting ba-

lanced samples, we propose a class of random balanced imputation methods which

reduce/eliminate the imputation variance while preserving the distribution of the va-

riable being imputed. The proposed class of imputation methods can be applied for

both categorical and continuous variables. The results of a limited simulation study

support our findings.

Keywords : Balanced sampling ; deterministic imputation ; distribution function ; im-

putation variance ; random imputation.
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1 Introduction

To compensate for item nonresponse in surveys, some form of imputation is ty-

pically used. It consists of replacing missing values with artificial values in order

to reduce, as much as possible, the bias and the variance due to nonresponse.

Imputation methods may be classified into two broad classes : deterministic

and random (or stochastic). Deterministic methods are those that yield a fixed

imputed value given the sample if the imputation process is repeated as oppo-

sed to random methods that do not necessarily yield the same imputed value.

One popular random imputation method used in practice is random hot-deck

imputation that consists of selecting respondent (donor) values from the set of

respondents to impute the missing values. Random hot-deck imputation is often

used in practice if the variable being imputed is categorical because it eliminates

the possibility of impossible values in the imputed data file. Also, it is used when

it is desired to impute more than one variable at the time because the same do-

nor can be used to impute all the missing values, which helps preserving the

relationships between variables.

In practice, it is often required to estimate population totals (or means) or

quantiles (such as the median). While deterministic imputation methods lead

to asymptotically unbiased estimators of totals if the underlying imputation or

nonresponse model is correctly specified (e.g., Haziza, 2009), they are not appro-

priate when the objective is to estimate a quantile (e.g., a median) because this

type of imputation methods tends to distort the distribution of the variables

being imputed. As a result, estimators of quantiles could be severely biased,

especially if the nonresponse rate is appreciable. To preserve the distribution, it

is customary to use a random imputation method.

One important drawback of random imputation methods is that they introduce

an additional amount of variability (called the imputation variance) due to the
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random selection of residuals. In some cases, the contribution of the imputation

variance is important resulting in potentially inefficient estimators. It is thus

desirable to develop imputation strategies which considerably reduce (or elimi-

nate) the imputation variance while preserving the distribution of the variable

being imputed.

In the literature, three general approaches have been considered for reducing the

imputation variance. First, the fractional imputation approach, which consists

of replacing each missing value with M ≥ 2 imputed values selected randomly

and assigning a weight to each imputed value. For example, each imputed value

may receive 1/M times the original weight. Fractional imputation was originally

proposed by Kalton and Kish (1981, 1984) and studied by Fay (1996), Kim and

Fuller (2004) and Fuller and Kim (2005). It is similar to multiple imputation

(Rubin, 1987), although the estimation procedures are different. It can be shown

that the imputation variance decreases as M increases. One drawback of frac-

tional imputation is that it may be cumbersome in practice since M imputed

values are needed for each missing value. Also, the vast majority of surveys use

single imputation methods since imputing multiple values is often seen as opera-

tionally less convenient than single imputation. The second approach consists of

first imputing the missing values using a standard random imputation method

(e.g., random hot-deck imputation) and adjusting the imputed values in such a

way that the imputation variance is eliminated. This approach was considered

by Chen, Rao and Sitter (2000) in the case of random hot-deck imputation.

One drawback of the method is that, once the imputed file is produced with the

use of random hot-deck imputation, the imputed values need to be adjusted by

the data user, which may be seen as not practical. Also, the adjustment proce-

dure will generally lead to impossible imputed values in the case of categorical

variables. Finally, the third approach consists of randomly selecting donors (or

residuals) in such a way that the imputation variance is reduced. This approach

was originally considered by Kalton and Kish (1981 ; 1984) in the context of
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simple random sampling who suggested that donors (or residuals) may be selec-

ted by stratified sampling within imputation classes or by systematic sampling

from a list of respondents ordered by their value taken by the variable being

imputed. The idea behind these types of procedures is to select imputed values

so that appropriate balancing equations are (approximately) satisfied. Following

Kalton and Kish, Deville (2006) proposed an algorithm for selecting imputed

values while satisfying appropriate balancing constraints.

In this paper, we propose a class of random imputation methods which we call

balanced random imputation, and which is closely related to the third approach

advocated by Kalton and Kish (1981, 1984) and Deville (2006). We introduce

a general algorithm for balanced random imputation, adapted from the Cube

method originally proposed by Deville and Tillé (2004) in the context of ba-

lanced sampling. The proposed method consists of randomly selecting donors

(or residuals) while satisfying given constraints. It can be readily applied to

any type of random imputation method (e.g., random regression imputation)

under any type of sampling design and can be used to impute continuous or

categorical variables. We show that the proposed class of imputation methods

has the advantage of eliminating (or at least, significantly reducing) the imputa-

tion variance significantly while preserving the distribution of the variable being

imputed. In our view, the proposed method should be preferred even as compa-

red to other methods of the third approach, since it enables a random selection

of donors which is perfectly adapted to the parameter of interest. That is, the

donors are randomly selected for the imputation variance to be eliminated, and

not only to be reduced. Also, additional constraints may be easily included in

the imputation mechanism if other functions of the imputed variable are of in-

terest (see section 4), since the Cube method may handle an arbitrary number

of balancing variables.

In our view, the third approach is more attractive than the first two because

4



it uses single imputation to compensate for the missing values, which leads to

the creation of a single data file. Also, once the data file is produced, the usual

estimation methods can be readily applied by users. In other words, no special

adjustments need to be made. Finally, even though the primary objective is

to estimate population totals, analysts may also be interested in studying the

distribution of the variables that have been imputed, in which case determinis-

tic methods would generally lead to misleading inferences. For this reason, we

advocate for the use of balanced imputation methods that lead to estimators

of totals almost as efficient than those that would have been obtained under a

given deterministic imputation method and at the same time, lead to asympto-

tically unbiased estimators of quantiles.

2 Notation and Random Imputation

Let U = {1, 2, . . . , N} be a finite population consisting of N elements. We

consider the problem of estimating the census regression coefficient,

θN =

(∑
i∈U

xix
>
i

)−1∑
i∈U

xiyi,

where yi denotes the i-th value of the variable of interest y, and xi is a l-vector

of variables attached to unit i, i = 1, ..., N . When xi = 1 for all i ∈ U , θN

reduces to the overall population mean of the y-values, ȲN = N−1
∑
i∈U yi.

Another special case of θN occurs when xi is a vector of domain indicators, in

which case θN =
(
Ȳ1, ..., Ȳl

)> is the vector of domain means.

We select a sample, s, of size n, according to a given sampling design p(s).

Let πi denote the first-order inclusion probability of unit i in the sample and

let di = 1/πi denote its design weight. In the absence of nonresponse, a basic
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estimator θ̂n of θN is given by

θ̂n =

(∑
i∈s

dixix
>
i

)−1∑
i∈s

dixiyi. (1)

The estimator θ̂n in (1) is asymptotically design-unbiased (or p-unbiased) for

θN .

In this paper, we assume that the vector xi is observed for all i ∈ s, whereas

the variable y is potentially missing. Let y∗i denote the imputed value used to

replace the missing yi. An imputed estimator of θN is given by

θ̂I = T̂−1

(∑
i∈s

dirixiyi +
∑
i∈s

di(1− ri)xiy∗i

)
, (2)

where T̂ =
(∑

i∈s dixix
>
i

)
and ri is a response indicator attached to unit i such

that ri = 1 if unit i responds to item y and ri = 0, otherwise. Also, let sr be the

random set of respondents of size nr and sm the random set of nonrespondents

of size nm.

Most of the imputation methods used in practice can be motivated by the general

model

m : yi = f(zi;β) + σ
√
viεi, (3)

where f(·) is a given function, z = (z1, . . . , zK)> is a K-vector of auxiliary

variables available at the imputation stage for all the sampled units, β is a K-

vector of unknown parameters, σ2 is an unknown parameter and vi is a known

constant. The εi’s are independent and identically distributed random variables

with mean 0 and variance 1, and their common distribution function is denoted

by Fε(·). The model (3) is often called an imputation model (e.g., Särndal, 1992).

In the case of deterministic imputation, the imputed value y∗i is given by y∗i =

f(zi; B̂r), for i ∈ sm, where B̂r is an estimator of β, which is solution of the
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following estimating equations :

∑
i∈s

ωiriv
−1
i [yi − f(zi;β)]hi = 0, (4)

where hi = ∂f(zi;β)/∂β and ωi is an imputation weight attached to unit i. Se-

veral choices of ωi are possible : the choice ωi = di leads to the customary survey

weighted imputation, whereas the choice ωi = 1 leads to unweighted imputation.

Other choices of imputation weights are possible ; e.g., Haziza (2009).

Random imputation can be seen as a deterministic imputation to which a ran-

dom noise ε∗i is added. That is, the imputed value y∗i is given by

y∗i = f(zi; B̂r) + σ̂
√
viε
∗
i for i ∈ sm, (5)

where σ̂ is an estimator of σ. The random quantity ε∗i can be generated from

a given parametric distribution. However, in practice, it is natural to generate

these random quantities from the empirical distribution function of the residuals.

More precisely, we assume that the random residuals ε∗i are selected indepen-

dently and with replacement from the set, Er = {ẽj ; j ∈ sr}, of standardized

residuals observed from the responding units, with probabilities

pr (ε∗i = ẽj) = ωj/
∑
l∈s

ωlrl, (6)

where ẽj = ej−ēr, ej = σ̂−1v
−1/2
j

{
yj − f(zj ; B̂r)

}
with ēr =

∑
j∈s ωjrjej/

∑
j∈s ωjrj .

This method for selecting the random residuals ε∗i is nonparametric in nature

since it consists of generating random residuals from the empirical distribution

function of the residuals,

F̂ε,r(t) =
∑
j∈s

ω̃jrj1(ẽj ≤ t), (7)

based on the responding units, where ω̃j = ωj/
∑
l∈s ωlrl and 1(·) is the usual

indicator function.
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Note that the imputed value y∗i in (5) can be viewed as the sum of a deterministic

component, f(zi; B̂r), and a random component ε∗i . In other words, for each

random imputation, there is a corresponding deterministic imputation, which is

obtained by setting ε∗i = 0 for all i. Letting f(zi;β) = z>i β in (3) leads to the

model underlying (deterministic and random) regression imputation. Random

regression imputation is thus obtained from (5) by setting f(zi; B̂r) = z>i B̂r,

where

B̂r =

[∑
i∈s

ωiriziz
>
i /vi

]−1∑
i∈s

ωiriziyi/vi

is a solution of the estimating equations (4) with f(zi;β) = z>i β and hi = zi.

That is, random regression imputation uses the imputed values

y∗i = z>i B̂r + σ̂
√
viε
∗
i . (8)

Random hot-deck imputation within classes, which is a popular method in prac-

tice, can be viewed as a special case of (8). It consists of first partitioning the

sample into K imputation classes, s1, . . . , sk, . . . , sK . Within a class, a missing

value is replaced by the value of a respondent selected randomly (with replace-

ment) from the set of respondents within that class. Imputations are performed

independently across classes. Let zki = 1 if unit i belongs to class k and zki = 0,

otherwise ; random hot-deck imputation within classes is obtained from (8) by

setting zi = (z1i, . . . , zKi)> and vi = vk if i belongs to class k.
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3 Balanced Random Imputation

In this section, we discuss the concept of balanced imputation. Using the impu-

ted values (5) in (2) leads to

θ̂I = T̂−1

(∑
i∈s

dirixiyi +
∑
i∈s

di(1− ri)xif(zi; B̂r) +
∑
i∈s

di(1− ri)xiσ̂
√
viε
∗
i

)
. (9)

The total error of θ̂I can be expressed as

θ̂I − θN =
(
θ̂n − θN

)
+
(
EI(θ̂I)− θ̂n

)
+
(
θ̂I − EI(θ̂I)

)
, (10)

where EI(.) denotes the expectation with respect to the imputation mechanism,

which is used to select the random residuals. The first term on the right hand

side of (10) represents the sampling error, whereas the second and the third

terms represent the nonresponse error and the imputation error, respectively.

When taking expectations with respect to the imputation mechanism, note that

only the ε∗i ’s are treated as random, whereas all the other variables are treated

as fixed. Note that the imputation error, θ̂I − EI(θ̂I), is equal to 0 in the case

of deterministic imputation. Let the subscripts p and q indicate the sampling

mechanism and the nonresponse mechanism, respectively. The total variance of

θ̂I given by (2) can be expressed as

V (θ̂I) = VpEqEI(θ̂I) + EpVqEI(θ̂I) + EpEqVI(θ̂I), (11)

where VI(.) denotes the variance with respect to the imputation mechanism. The

first term on the right hand side of (11) is the sampling variance, the second term

is the nonresponse variance, whereas the third term is the imputation variance.

The magnitude of both the nonresponse and imputation variances typically

depends on the response rate and the predictive power of the imputation model.
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We focus on the imputation variance, which is given by

EpEqVI(θ̂I) = EpEq

[
T̂−1

(∑
i∈s

x̃x̃>i

) ∑
i∈s ωiriẽ

2
i∑

i∈s ωiri
T̂

]
, (12)

where x̃i = di(1 − ri)xi
√
vi. Under mild regularity conditions, the imputation

variance given by (12) is O(1/n) which is the same order of magnitude as the

sampling and nonresponse variances. From (12), we note that the imputation va-

riance is small if (i) the response rate is high, in which case the term
∑
i∈s x̃ix̃

>
i

is likely to be small (in fact, in the complete data case, we have ri = 1 for all

i and so this term vanishes) or if (ii) the residuals ẽi are small, which indicates

that the imputation model fits the data well. Otherwise, the contribution of the

imputation variance to the total variance may be appreciable. In other words,

the imputation variance is essentially a parasitic variance that should be elimi-

nated or, at least, significantly reduced.

In order to eliminate the imputation variance of θ̂I , the random residuals must

be selected in such a way that the imputation error

θ̂I − EI(θ̂I) =
∑
i∈s

di(1− ri)xiσ̂
√
viε
∗
i

is eliminated. We thus propose a balanced random imputation method which

consists of selecting the residuals so that the following equation is (approxima-

tely) satisfied : ∑
i∈s

di(1− ri)xiσ̂
√
viε
∗
i = 0. (13)

More precisely, the imputed values under random balanced imputation are given

by

y∗∗i = f(zi; B̂r) + σ̂
√
viε
∗∗
i , (14)

for i ∈ sm, where the random residuals ε∗∗i are selected from the set, Er =
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{ẽj ; j ∈ sr}, with probabilities

pr (ε∗∗i = ẽj) = ωj/
∑
l∈s

ωlrl, (15)

so that the equation (13) (approximately) holds. This imputation procedure can

be performed by adapting the random Cube algorithm originally proposed by

Deville and Tillé (2004) in the context of balanced sampling. The algorithm

for balanced imputation is described in details in Chauvet, Deville and Haziza

(2010). If the equation (13) is exactly satisfied, then the imputation variance

is completely eliminated and the resulting estimator is fully efficient (e.g., Kim

and Fuller, 2004). In some situations, it is not possible to satisfy (13) exactly

but only approximately. In this case, the imputation variance is not completely

eliminated but it is expected to be significantly reduced. In section 4, we show

that the empirical distribution function based on observed values and imputed

values given by (14) is a consistent estimator of the true population distribution

function. In other words, the proposed balanced imputation method preserves

the distribution of the variable being imputed. Balanced random regression im-

putation is obtained from (14) by setting f(zi; B̂r) = z>i B̂r. That is, balanced

random regression imputation uses the imputed values

y∗∗i = z>i B̂r + σ̂
√
viε
∗∗
i . (16)

We make the following remarks : first, suppose that θN = ȲN , (which occurs

when xi = 1 for all i ∈ U) and that random hot-deck within classes is used to

compensate nonresponse to variable y. Then, the condition (13) reduces to

ȳ∗∗mk = ȳrk, k = 1, . . . ,K, (17)

where

ȳrk =

∑
i∈sk

ωiriyi∑
i∈sk

ωiri

11



is the weighted mean of the respondents in class k and

ȳ∗∗mk =

∑
i∈sk

ωi(1− ri)y∗∗i∑
i∈sk

ωi(1− ri)

is the weighted mean of the imputed values in class k. In other words, elimi-

nating the imputation variance will consist of selecting the imputed values at

random within each class so that their mean matches the mean of the respon-

dents within the same class. Chen, Rao and Sitter (2000) proposed a method

for eliminating the imputation variance which consists of adjusting the impu-

ted values obtained under random hot-deck imputation so that (17) is satisfied.

Note that our proposed balanced random imputation method does not require

an adjustment of the imputed values. Rather, we select the imputed values at

random so that (17) is satisfied, which is more attractive from a data user’s

perspective.

Secondly, suppose we are interested in estimating the vector of domain means,

θN =
(
Ȳ1, ..., Ȳl

)>. Satisfying (13) requires the domains to be specified at the

imputation stage, which may not be the case in practice. Domains are some-

times specified at the estimation stage, after the imputation process has been

completed. In this case, the resulting imputed domain estimators may be sub-

stantially biased if these domains are related to the variable being imputed. A

possible solution is to determine a bias-adjusted estimator ; e.g., Haziza and Rao

(2005). This situation is not considered in this paper.

Finally, let β̂I be an imputed estimator of β defined as

β̂I =

(∑
i∈s

div
−1
i ziz

>
i

)−1 [∑
i∈s

diriv
−1
i ziyi +

∑
i∈s

di(1− ri)v−1
i ziy

∗
i

]
. (18)

As pointed out by a referee, adding the constraint

∑
i∈s

di(1− ri)v−1
i zi [σ̂

√
viε
∗
i ] = 0 (19)
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will make β̂I fully efficient for β. That is, VI
(
β̂I

)
= 0. Thus, satisfying (13)

and (19) will make both θ̂I and β̂I fully efficient.

4 Estimation of other functions

In sections 2 and 3, we considered the case of a census regression coefficient,

which is linear in y since it can be expressed as

θN =
∑
i∈U

aiyi,

where ai =
(∑

i∈U xix
>
i

)−1
xi. We now turn to the case of the following finite

population parameter :

θN =
∑
i∈U

φ(yi), (20)

where φ(.) is a differentiable function with continuous partial derivatives of order

2. For simplicity, we consider the case of scalar θN . For example, if φ(yi) = y2
i ,

then θN =
∑
i∈U y

2
i , the sum of square of the y-values. A complete data esti-

mator of θN is now given by θ̂n =
∑
i∈s diφ(yi). In the presence of nonresponse

to item y, an imputed estimator of θN is defined as

θ̂I =
∑
i∈s

diriφ(yi) +
∑
i∈s

di(1− ri)φ(y∗i ), (21)

where y∗i is given by (5). The imputation error of θ̂I given in (21), θ̂I −EI
(
θ̂I

)
,

is given by

θ̂I − EI(θ̂I) =
∑
i∈s

di(1− ri) [φ(y∗i )− EI (φ(y∗i ))] . (22)
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It follows from (22) that the imputation variance of θ̂I , VI
(
θ̂I

)
, vanishes if

∑
i∈s

di(1− ri) [φ(y∗i )− EI (φ(y∗i ))] = 0. (23)

Assuming that the function φ is m+ 1 times differentiable and that the deriva-

tives are continuous, we have

φ(y∗i ) = φ(ŷi + σ̂v
−1/2
i ε∗i )

=
∑m
k=0

φ(k)(ŷi)
k! (σ̂v−1/2

i ε∗i )
k + φ(m+1)(αi)

(m+1)! (σ̂v−1/2
i ε∗i )

m+1,
(24)

where αi ∈ (y∗i , ŷi). It follows that

θ̂I − EI
(
θ̂I

)
=

∑
i∈s di(1− ri)

{∑m
k=0

φ(k)(ŷi)
k! (σ̂v−1/2

i ε∗i )
k + ξi,m+1

}
−

∑
i∈s di(1− ri)

{∑m
k=0

φ(k)(ŷi)
k! EI

[
(σ̂v−1/2

i ε∗i )
k
]

+ EI (ξi,m+1)
}
,

(25)

where

ξi,m+1 =
φ(m+1)(αi)
(m+ 1)!

(σ̂v−1/2
i ε∗i )

m+1.

We can rewrite (25) as

θ̂I − EI
(
θ̂I

)
=

∑m
k=0

[∑
i∈s di(1− ri)

φ(k)(ŷi)
k!

{
(σ̂v−1/2

i ε∗i )
k − EI

[
(σ̂v−1/2

i ε∗i )
k
]}]

+
∑
i∈s di(1− ri) [ξi,m+1 − EI (ξi,m+1)] .

(26)

The first term on the right hand side of (26) defines a system of m balancing

equations. If the random residuals are selected in such a way that this term

is zero, the residual imputation error comes from the term m + 1 or higher.

Consequently, we may expect the imputation variance of θ̂I to be significantly

reduced if the corresponding balancing equations are used in the imputation

mechanism.
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5 Consistency of the distribution function

In this section, we study the asymptotic properties of the estimated distribu-

tion function under the imputation mechanisms (8) and (16), respectively. We

assume that there is a sequence of sampling designs and finite populations,

indexed by ν, such that the population size Nν , the sample size nν and the

number of respondents nrν tend to infinity as ν →∞. Though the subscript ν

is suppressed for convenience, all the limiting processes are understood to be as

ν →∞.

The finite population distribution function of the variable y can be written as

FN (t) =
1
N

∑
i∈U

1(yi ≤ t). (27)

A complete data estimator of FN (t) is given by

F̂N (t) =
∑
i∈S

d̃i1(yi ≤ t), (28)

where d̃i = di/
∑
j∈s dj . Under random regression imputation, the imputed

values y∗i are given by (8). An imputed estimator of FN (t) is then given by

F̂I(t) =
∑
i∈S

d̃iri1(yi ≤ t) +
∑
i∈S

d̃i(1− ri)1(y∗i ≤ t). (29)

Under balanced random regression imputation, the imputed values y∗∗i are given

by (16). Under this imputation scheme, an imputed estimator of FN (t) is given

by

F̂BALI(t) =
∑
i∈S

d̃iri1(yi ≤ t) +
∑
i∈S

d̃i(1− ri)1(y∗∗i ≤ t). (30)

We assume that the following regularity conditions hold :

C1 : max ω̃i = O(1/n) ;
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C2 : max d̃i = O(1/n) ;

C3 : There exists a constant κ such that κ < pi ≡ Pr(ri = 1) ;

C4 : (B̂r, σ̂)→P (β, σ), where →P stands for the convergence in probability ;

C5 : Fε(·) is absolutely continuous ;

C6 : The components of the vector of auxiliary variables zi as well as the num-

ber K of auxiliary variables are bounded.

The assumptions (C1) and (C2) guarantee that no extreme weight dominates

the others. The assumption (C3) states that the response probability is bounded

away from 0. The assumption (C4) states that both B̂r and σ̂ are consistent

estimators of β and σ, respectively.

Theorem 1 Suppose that conditions C1-C6 hold. If the imputation model (3)

holds, then F̂I(t)→P FN (t).

Proof : The proof is given in the Appendix.

Theorem 2 Suppose that conditions C1-C6 hold. If the imputation model (3)

holds, then F̂BALI(t)→P FN (t).

Proof : The proof is given in the Appendix.

6 The case of a categorical variable

We now briefly consider the case of a categorical variable y with K possible

characteristics. Let yi = 1 if unit i possesses the first characteristic of interest,

yi = 1 if unit i possesses the second characteristic of interest, and so on. Assume

that the y variable is parametrically modelled ; that is,

φki ≡ pr(yi = k) = p(zi; γ0,k)
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where
∑K
k=1 φ

k
i = 1, for some function p(zi; ·) with parameter γ evaluated at

γ0,k where zi is a vector of auxiliary variables available for both respondents

and nonrespondents. Let γ̂k be an estimator of γ0,k and

φ̂ki = p(zi; γ̂k) (31)

be the estimated probability for unit i of possessing the characteristic of interest

k, where
∑K
k=1 φ̂

k
i = 1. For simplicity, we consider only the estimation of the

proportion of individuals that possess a characteristic k, Ȳk = N−1
∑
i∈U 1(yi =

k). An imputed estimator of Ȳk is given by ȳkI = N−1ŶkI , where ŶkI is given

by (2) where xi = 1 the variable yi is replaced by 1(yi = k). For missing yi, we

use

y∗i = k with probability φ̂ki .

If the imputation process is performed independently for each missing yi, the

imputation variance of ŶkI is given by

EpEqVI(ŶkI |s) = EpEq

[
N−2

∑
i∈s

d2
i (1− ri)φ̂ki (1− φ̂ki )

]
.

The balanced random imputation method consists of selecting imputed values

y∗∗i so that the following equations are approximately satisfied

∑
i∈s

di(1− ri)1(y∗∗i = k) =
∑
i∈s

di(1− ri)φ̂ki for any k = 1, . . . ,K. (32)

An adaptation of the Cube algorithm may be used so that equations (32) are

approximately satisfied ; see Chauvet, Deville and Haziza (2010) for more details.

7 Simulation Study

We conducted a limited simulation study to test the performance of the pro-

cedures described in sections 2 and 3. We first generated 2 finite populations
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of size N = 10, 000, each containing one variable of interest, y and one auxi-

liary variable z. First, in each population, the variable z was generated from a

Gamma distribution with shape and scale parameters equal to 2 and 5, respec-

tively. Then, the y-values were generated given the z-values according to the

model

yi = β zi +
√
zi ηi. (33)

The parameter β was set to 1, whereas the ηi’s were generated according to a

normal distribution with mean 0 and variance σ2. The parameter σ2 was chosen

to lead to a coefficient of determination (R2) approximately equal to 0.36 (for

population 1) and 0.64 (for population 2).

Our objective is to estimate two parameters : (i) the population mean of the

y-values, Ȳ = N−1
∑
i∈U yi and (ii) the finite population distribution function,

FN (t) = N−1
∑
i∈U 1(yi ≤ t) for different values of t (0.25 ; 0.5 ; 0.75). From

each population, we selected 1, 000 samples of size n = 500 by means of re-

jective sampling also called Conditional Poisson Sampling (e.g., Hajek, 1964

and Tillé, 2006) with inclusion probabilities, πi, proportional to z. That is, we

have πi = nzi/Z, where Z =
∑
i∈U zi. From each generated sample, we genera-

ted nonresponse to the variable y according to a uniform response mechanism.

Also, units respond independently from one another. The response indicators ri

for i ∈ s were then generated independently 1, 000 times from a Bernoulli dis-

tribution with parameter p0 equal to 0.5 (respectively, 0.75), which led to 1, 000

sets of respondents. In each sample containing respondents and nonrespondents,

imputation was performed according to three methods : (i)deterministic ratio

imputation, (ii) random ratio imputation and (iii) random balanced ratio im-

putation. All three methods are motivated by the imputation model (3) with

zi scalar and vi = zi. For deterministic ratio imputation, the imputed values

are given by (5) with ε∗i = 0 for all i. The imputed values for random ratio

imputation and random balanced ratio imputation are respectively given by (5)

and (14).
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Then, we computed : (i) the imputed estimator of Ȳ given by θ̂I in (2) with

xi = 1 for all i and (ii) the imputed estimator of F (t) given by F̂I(t) in (29). As

a measure of the bias of θ̂I , we used the monte carlo percent relative bias (RB)

given by

RB(θ̂I) =
EMC(θ̂I)− θN

θN
× 100, (34)

where EMC(θ̂I) =
∑1,000
r=1 θ̂

(r)
I /1000, and θ̂

(r)
I denotes the estimator θ̂I in the

r-th sample, r = 1, . . . , 1, 000. As a measure of variability of θ̂I , we used the

Monte Carlo Mean Square Error (MSE) given by

MSE(θ̂I) =
1

1, 000

1,000∑
r=1

(θ̂(r)I − θN )2. (35)

Let θ̂(RI)I , θ̂(RRI)I , and θ̂(RBRI)I denote the estimator θ̂I under ratio imputation,

random ratio imputation and random balanced ratio imputation, respectively.

In order to compare the relative stability of the imputed estimators, using θ̂(RRI)I

as the reference, we used the following measure :

RE =
MSE(θ̂(.)I )

MSE(θ̂(RRI)I )
. (36)

Monte carlo measures for F̂I(t) are obtained from (34)-(36) by replacing θ̂I with

F̂I(t) and θN with FN (t).

Table 1 shows the values of RB and RE corresponding to the imputed estimator

θ̂I . It is clear from Table 1 that θ̂I is approximately unbiased in all the scenarios,

as expected. In terms of RE, results show that θ̂(RI)I has the smallest MSE.

This result is not surprising since the imputation variance is identically equal to

zero for deterministic imputation methods. Also, we note that θ̂(RBRI)I is more

efficient than θ̂
(RRI)
I with values of RE ranging from 0.82 to 0.93. Finally, we

note that θ̂(RBRI)I is slightly less efficient than θ̂(RI)I . This is due to the fact that

the balancing equations needed to be relaxed in the last phase of the imputation
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Deterministic Random Random balanced
ratio imputation ratio imputation ratio imputation

p0 = 0.5

Population 1 RB -0.01 0.43 0.10
RE 0.78 1 0.82

Population 2 RB 0.51 0.72 0.73
RE 0.81 1 0.85

p0 = 0.75

Population 1 RB 0.40 0.54 0.52
RE 0.85 1 0.87

Population 2 RB 0.73 0.80 0.87
RE 0.90 1 0.93

Table 1 – Monte carlo percent relative bias of the imputed estimator and
relative efficiency

algorithm in order to end the selection of residuals for non-responding units. As

a result, equation (13) did not hold exactly and so the imputation variance was

not entirely eliminated.

We now turn to the distribution function, FN (t). Table 2 shows the RB of the

imputed estimator and the RE, corresponding to the imputed estimator F̂I(t).

As expected, the estimators of quantiles under ratio imputation are considera-

bly biased, with absolute RB ranging from 1.49 to 50.13. In terms of relative

bias, both random ratio imputation and random balanced ratio imputation show

almost not bias, except when F (t) = 0.25 for random balanced ratio imputa-

tion. These results can be explained by the fact that both imputation methods

succeed in preserving the distribution of the variable y. Also, we note that the

imputed estimator F̂I(t) under random balanced ratio imputation is slightly

more efficient then the corresponding estimator under random ratio imputation

in all the scenarios with a value of RE varying from 0.89 to 1.00. Our results

are consistent with those obtained by Chen, Rao and Sitter (2000).
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Deterministic Random Random balanced
ratio imputation ratio imputation ratio imputation

p0 = 0.5

0.25 RB -50.13 0.00 -2.71
RE 18.41 1 1.00

Population 1 0.50 RB -3.41 0.21 0.09
RE 2.51 1 0.96

0.75 RB 10.80 -0.30 0.25
RE 11.38 1 0.90

0.25 RB -44.57 -0.46 -2.47
RE 16.92 1 0.92

Population 2 0.50 RB -2.87 0.23 0.04
RE 1.51 1 0.89

0.75 RB 6.11 -0.11 0.24
RE 4.61 1 0.89

p0 = 0.75

0.25 RB -24.95 0.13 -0.95
RE 8.25 1 0.98

Population 1 0.50 RB -1.49 0.10 0.11
RE 1.51 1 0.98

0.75 RB 5.53 0.03 0.14
RE 4.56 1 0.92

0.25 RB -22.27 -0.43 -1.33
RE 6.79 1 1.00

Population 2 0.50 RB -1.82 -0.21 -0.26
RE 1.26 1 0.95

0.75 RB 2.92 -0.13 -0.01
RE 2.11 1 0.92

Table 2 – Monte Carlo percent relative bias of the imputed estimator of the
distribution function and relative efficiency
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8 Summary and Discussion

In this paper, we have studied the use of balanced random imputation methods

as a way to reduce/eliminate the imputation variance, which is often viewed

as a parasitic variance. We proposed a general algorithm for selecting the ran-

dom residuals that was inspired from the Cube method described in Deville and

Tillé (2004) in the context of balanced sampling. The proposed algorithm can

be applied for both continuous and categorical variables and for any sampling

design and imputation method. In the case of regression imputation, We sho-

wed that the proposed method preserves the distribution of the variables being

imputed. Results from a limited simulation study showed that the proposed ba-

lanced random imputation method was almost as efficient as the corresponding

deterministic imputation method in all the scenarios.

In this paper, we have not considered the problem of variance estimation in

the context of balanced random imputation. In the context of deterministic and

random regression imputation, several variance estimation methods are avai-

lable ; e.g., Rao and Shao (1992), Särndal (1992) and Shao and Steel (1999).

For balanced random imputation, the problem of variance estimation becomes

more complex since the Cube algorithm used for selecting the random residuals

involves a rounding process called the landing phase. Correct variance estima-

tion requires to estimate the variance due to the landing phase. This problem

is currently under investigation.

In practice, estimates of bivariate parameters such as domain means, regression

coefficients and coefficients of correlation are often needed. In this case, determi-

ning an imputation method that preserves the relationships between variables

becomes the main challenge. The use of balanced imputation to overcome this

problem is currently under investigation.
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A Proof of Theorem 1

First note that the total error of F̂I(t) may be written as

F̂I(t)− FN (t) = [F̂I(t)− F̂N (t)] + [F̂N (t)− FN (t)].

Under standard regularity conditions (e.g., Isaki et Fuller, 1981), we have F̂N (t)−

FN (t) = Op(n−1/2). Consequently, it suffices to show that

F̂I(t)− F̂N (t)→P 0. (37)

To prove the consistency of the estimated distribution function, it is helpful to

separate the different sources of error involved in that estimation. More precisely,

the imputed values y∗i may be obtained in the following way :

1. For all units i ∈ sm, select independent random residuals ε̂i from the set

Gr = {εj ; j ∈ sr} of exact residuals. Let j(i) denote the selected donor for

unit i, and ŷi = z>i β + σ
√
viε̂i.

2. In ŷi, the residual ε̂i is typically unknown. We replace it with the estimated

residual ε̃i = ẽj(i) = σ̂−1v
−1/2
j(i) (yj(i) − z>j(i)B̂r). Let ỹi = z>i β + σ

√
viε̃i.

3. In ỹi, both β and σ need to be estimated to get the final, imputed value

y∗i = z>i B̂r + σ̂
√
viε
∗
i .

Consequently, we may write

F̂I(t)− F̂N (t) = T1 + T2 + T3, (38)

where

T1 =
∑
i∈s

d̃i(1− ri) {1(ŷi ≤ t)− 1(yi ≤ t)} ,

T2 =
∑
i∈s

d̃i(1− ri) {1(ỹi ≤ t)− 1(ŷi ≤ t)} ,
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and

T3 =
∑
i∈s

d̃i(1− ri) {1(y∗i ≤ t)− 1(ỹi ≤ t)} .

The term T1 represents the error due to the random selection of a donor for im-

putation of missing yi. The term T2 represents the error due to the estimation

of the unknown residual of the selected donor. Finally, the term T3 represents

the error due to the estimation of the unknown parameters of the imputation

model (3).

We first show that T1 →P 0. First note that, for any δ > 0, the Bienaymé-

Chebyshev inequality implies that

pr(|T1| > δ) ≤ δ−2VmI(T1), (39)

where VmI(·) denotes the variance under both the imputation model and the

imputation mechanism. Also, we have

T1 =
∑
i∈s

d̃i(1− ri) {1(ε̂i ≤ ti)− 1(εi ≤ ti)}

where ti = σ−1v
−1/2
i (t− z>i β), and

VmI(T1) = EmVI(T1) + VmEI(T1). (40)

We focus in the first term in the right-hand side of (40) first. We have

VI(T1) = VI

[∑
i∈s d̃i(1− ri)1(ε̂i ≤ ti)

]
=

∑
i∈s d̃

2
i (1− ri)VI [1(ε̂i ≤ ti)]

=
∑
i∈s d̃

2
i (1− ri)F̂ε(ti)(1− F̂ε(ti))

(41)

where F̂ε(t) =
∑
j∈s ω̃jrj1(εj ≤ t). The second line in (41) is a consequence of

the independent drawings of the residuals ε̂i. Then, EmVI(T1) is O(n−1) from

assumption C2. We now turn to the second term in the right-hand side of (40).
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We have

EI(T1) =
∑
i∈s d̃i(1− ri)

{
F̂ε(ti)− 1(εi ≤ ti)

}
=

∑
j∈s ω̃jrj

[∑
i∈s d̃i(1− ri)

]
1(εj ≤ ti)

−
∑
i∈s d̃i(1− ri)1(εi ≤ ti),

(42)

and

VmEI(T1) =
∑
j∈s ω̃

2
j rj

[∑
i∈s d̃i(1− ri)

]2
F̂ε(ti)(1− F̂ε(ti))

+
∑
i∈s d̃

2
i (1− ri)F̂ε(ti)(1− F̂ε(ti))

(43)

since the two terms in the right-hand side of (42) are independent. From as-

sumptions C1 and C2, VmEI(T1) is O(n−1). Consequently, VmI(T1) is O(n−1)

and from (39), T1 →P 0.

Then, we establish that T2 →P 0. Let us fix some δ > 0, and let η > 0 to be

specified later. We have :

EI(|T2|) ≤ EI

{∑
i∈s d̃i(1− ri) |1(ỹi ≤ t)− 1(ŷi ≤ t)|

}
=

∑
i∈s d̃i(1− ri)

∑
j∈s ω̃jrj |1(ẽj ≤ ti)− 1(εj ≤ ti)|

= T ′2.

We note Aη = {‖(B̂r, σ̂) − (β, σ)‖ ≥ η} and Bη = {‖(B̂r, σ̂) − (β, σ)‖ < η}.

Then

T ′2 1(Aη) ≤

[∑
i∈s

d̃i(1− ri)

]
1(Aη),

where the term
[∑

i∈s w̃i(1− ri)
]

is bounded, and EI{1(Aη)} → 0 from as-

sumption C4. Consequently,

EI{T ′2 1(Aη)} → 0. (44)
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On the other hand, we have 1(ẽj ≤ ti) = 1(εj ≤ ti + δij), with

δij = σ−1(σ̂ − σ)ti − σ−1v
−1/2
i {z>j (β − B̂r)}.

Under the event Bη, |σ̂ − σ| ≤ η and |β − B̂r| ≤ η. Moreover, assumption C6

implies that there exists some constant M1 such that for any (i, j) we have

|δij | ≤M1η. Therefore, we get

T ′2 1(Bη) ≤
∑
i∈s

d̃i(1− ri)
∑
j∈s

d̃jrj1(ti −M1η ≤ εj ≤ ti +M1η),

and

EI{T ′2 1(Bη)} ≤
∑
i∈s

d̃i(1− ri)
∑
j∈s

d̃jrj(Fε(ti +M1η)− Fε(ti −M1η)).

From assumption C5, we may choose η such that |t − u| ≤ 2M1η implies that

|F (t)− F (u)| ≤ δ. Then we obtain

EI{T ′2 1(Bη)} ≤ δ
∑
i∈s

d̃i(1− ri).

Since the term
∑
i∈s d̃i(1−ri) is bounded, and since δ may be chosen arbitrarily

small, we obtain

EI{T ′2 1(Bη)} → 0. (45)

Finally, equations (44) and (45) imply that EmEI |T2| → 0, and from the Mar-

kov inequality T2 →P 0.

It remains to prove that T3 →P 0. We have :

EI(|T3|) ≤ EI

{∑
i∈s d̃i(1− ri) |1(y∗i ≤ t)− 1(ỹi ≤ t)|

}
=

∑
i∈s d̃i(1− ri)

∑
j∈s ω̃jrj |1(z>i B̂r + σ̂

√
viẽj ≤ t)− 1(z>i β + σ

√
viẽj ≤ t)|

=
∑
i∈s d̃i(1− ri)

∑
j∈s ω̃jrj |1(εj ≤ t1,ij)− 1(εj ≤ t2,ij)|
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where

t1,ij = σ−1v
−1/2
i (t− z>i B̂r) + σ−1v

−1/2
j {z>j (B̂r − β)}

and

t2,ij = (σ−1σ̂)σ−1v
−1/2
i (t− z>i β) + σ−1v

−1/2
j {z>j (B̂r − β)}.

We have

t2,ij − ti = σ−1(σ̂ − σ)ti + σ−1v
−1/2
j {z>j (B̂r − β)}

and

t1,ij − ti = σ−1v
−1/2
i {z>i (β − B̂r)}+ σ−1v

−1/2
j {z>j (B̂r − β)}.

Like for the term T2, the assumptions imply that we may find some constant

M2 such that, under the event Bη, we have for any i and j

|t1,ij − ti| ≤M2 η and |t2,ij − ti| ≤M2 η.

A similar proof implies that T3 →P 0.

B Proof of Theorem (2)

We follow the same lines as in the previous proof. So as to prove that

F̂BALI(t)− F̂N (t)→P 0,

it is helpful to separate the different sources of error. More precisely, the imputed

values y∗∗i may be obtained in the following way :

1. For all units i ∈ sm, select random residuals ε̂i from the set Gr = {εj ; j ∈

sr} of exact residuals. The residuals are selected by means of balanced

random imputation, that is, in order to satisfy the equation (13). Let j(i)

denote the selected donor for unit i, and ŷi = z>i β + σ
√
viε̂i.

2. In ŷi, the residual ε̂i is typically unknown. We replace it with the estimated
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residual ε̃i = ẽj(i) = σ̂−1v
−1/2
j(i) (yj(i) − z>j(i)B̂r). Let ỹi = z>i β + σ

√
viε̃i.

3. In ỹi, both β and σ need to be estimated to get the final, imputed value

y∗i = z>i B̂r + σ̂
√
viε
∗
i .

Consequently, we may write

F̂BALI(t)− F̂N (t) = T1 + T2 + T3, (46)

where the terms in the right-hand side of (46) are the same as in (38), and may

be interpreted similarly. Since the steps 2 and 3 involved in the computation of

the imputed values are the same in case of the two random imputation mecha-

nisms, the same arguments as previously lead to T2 →P 0 and T3 →P 0. Also,

if Vm,BALI(·) denotes the variance under both the imputation model and the

balanced imputation mechanism, we have

Vm,BALI(T1) = EmVBALI(T1) + VmEBALI(T1) (47)

and since EBALI(T1) = EI(T1), the second term in the right-hand side of (47) is

O(n−1). Consequently, we only need to prove that EmVBALI(T1) is O(n−1). We

note that the random regression imputation mechanism (8) may be seen as a

particular case of the balanced random regression imputation mechanism (16),

when the balancing constraint (13) is not used. That is, both the random regres-

sion imputation and the balanced random regression imputation are performed

with the constraints that exactly one donor per non-respondent is selected, but

in case of the balanced imputation, the constraint (13) is added. Under exact

balancing, the variance formula (8) in Deville and Tillé, p. 574 (see also Pras-

kova, 1995) implies, roughly speaking, that adding extra balancing constraints

makes the residuals smaller and consequently decreases the variance. Therefore,

up to negligible terms,

VBALI(T1) ≤ VI(T1),
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so that the result follows by application of (41).
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