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SUMMARY

Linear mixed models are flexible and extensible models thatica wide range of statistical
methods. They have found many uses in estimation for conglexeys, particularly in small
area estimation and in extensions of generalized regresstimation. They have also been used
as a means of relaxing constraints in calibration estimafidie purpose of this work is to con-
sider methods by which linear mixed models may be used atdhig stage of a survey. This
paper reviews the ideas of balanced sampling and the cubsathig, and proposes an imple-
mentation of the cube algorithm by which penalized balarssdples can be selected. Such
samples have the property that Horvitz-Thompson estirmdtom penalized balanced samples
behave like linear mixed model-assisted survey regresstimators from unbalanced samples.
The methodology is evaluated by using nonparametric anghdeah linear mixed models in
simulation experiments, and by using a spatial linear mixadiel in an artificial but realistic
sampling application, motivated by a 1991-1996 EnvirontiaeRrotection Agency survey of
lakes in the Northeastern states of the United States.

Some key word$Model-assisted estimation; Nonparametric regressidgdRcalibration; Small area estimation.

1. INTRODUCTION

Linear mixed models are flexible and extensible models tnagrcmethods ranging from mul-
tiple regression and analysis of variance, to penalizedesnlto low-rank kriging, among many
others (Robinson, 1991; Ruppert et al., 2003). Naturdilyy thave found many uses in estima-
tion for complex surveys, particularly in small area estiova (Fay & Herriot, 1979; Battese
et al., 1988; Datta & Ghosh, 1991; Ghosh & Rao, 1994; Rao, 20@3omer et al., 2007) and
in extensions of generalized regression estimation (Zl&mhgitle, 2003, 2004; Breidt et al.,
2005). Linear mixed models have also been used, expliaitignplicitly, as a means of stabiliz-
ing weights and relaxing constraints in calibration estiovaand related methods. These uses
include robust case weighting (Bardsley & Chambers, 198&nibers, 1996), ridge calibration
(Rao & Singh, 1997; Beaumont & Bocci, 2008; Montanari & R&n&i009), and other meth-
ods for satisfying range restrictions (Park, 2002; Park 8idfu2005) or smoothing weights
(Lazzeroni & Little, 1998; Elliott & Little, 2000).

The purpose of this work is to consider methods by which limexed models may be used
at the design stage of a survey, rather than at the estingtage. That is, if one believes a priori
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2 F.J. BREIDT AND G. CHAUVET

that a linear mixed model of the form (1), below, is a reastsmalorking model for key response
variable(s)y, how should one draw a sample? §&1, we introduce our linear mixed model
notation and discuss penalization, smoothing, and theedegf freedom of a smooth. Then, to
motivate our approach we begin with the simpler cas& ef 0 in (1). This leads to a review
of generalized regression estimation and weighting2i2, as well as balanced sampling and
the cube algorithm i§2-3. In §2-4, we discuss extension of the generalized regressionastim
to linear mixed model-assisted survey regression estimatind use this to motivate our main
results on penalized balanced sampling2rb. As noted above, linear mixed models in survey
estimation can be used to relax calibration constraints.uSe of linear mixed models in survey
design allows us to relax balance constraints.

Penalized balanced samples are selected via a particyslerimantation of the cube algorithm.
They have the property that Horvitz-Thompson estimatamnfpenalized balanced samples be-
have like linear mixed model-assisted survey regressitmators. We make this statement pre-
cise in a pair of propositions. We demonstrate the methgyolath simulation results using a
nonparametric linear mixed model (penalized spline)3rl and using a temporal linear mixed
model (regression with random walk errors)sigi2. We then present if3-3 a penalized bal-
anced sample driven by a spatial linear mixed model (lovik-taiging), and motivated by a real
US Environmental Protection Agency survey of lakes in thethzastern United States.

2. METHODOLOGY
2:1. Linear mixed models, smoothing and penalization

Consider a finite population with index s€t= {1,2,..., N}. Suppose that a particular re-
sponse variablgy = [y;];cv follows a linear mixed model of the form

yu = XB+ Zb+ ey, 1)

o]0 w(la])-2["0%1]

whereX is a full rank NV x ¢ matrix, Z is a full rank N x K matrix, and wherd will denote an
identity matrix of appropriate dimension. We suppose €had positive definite and known, and
in our examples it is typically an identity matrix. The pagtero? is unknown and the parameter
A2 is to be determined.

The parametei? can be interpreted as a penalty for model complexity. To Bie Write
C = [X, Z] andA = blockdiag0, A2Q~!). Then

(CTC+ M) CTyy
gives the best linear unbiased estimatorg aihd best linear unbiased predictorspénd
C(CTC+ N0 yy

gives the best linear unbiased predictorgef Because (CTC + A)~'C7 predicts or smooths
yu, itis common (Hastie & Tibshirani, 1990, p. 52) to interpret

where

df =tr{C(CTC+ M) T} = {(CTC+ M) MeTC}

as the degrees of freedom of this smooth\3f= 0, there is no penalty for model complexity,
and the model hag + K degrees of freedom, corresponding to a regressioX @md 7 fixed
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Penalized balanced sampling 3

effects. AsA\? — oo, df — ¢, corresponding to a regression &h only. Values of\? can be
chosen to trade off the goodness-of-fit of the linear mixedehand its complexity.

2:2. Generalized regression estimation and weighting
Lets C U be a sample of size drawn via a sampling design with known, positive inclusion
probabilities {7; } jcy. For any column vectop;, we write the Horvitz-Thompson estimator
(Horvitz & Thompson, 1952) as

ny
HT(v) = L.
(U) Z 7Tj
JES
A common circumstance in survey practice is the availahilftag x 1 covariate vectoz ;, for

which both{z;} ;c, andt, are observed. This information can be incorporated intestienation
procedure through the generalized regression estimalchwve write as

1 .
GREG() = 3 {—' +(ty — HT(2)) T M2 }vj =3 wje; )
- T N -
jes LTI J JEs
where
T
T;X;
M= =1L
N N7Tj ’
JES

see for example Sarndal et al. (1992, chap. 7). The gepedalegression estimation weights

1 T —1 X
in (2) can be viewed as the original design Weigﬂ‘nfs1 modified to take into account the in-
formation inx;. A well-known property of the generalized regression eatiom weights is that
they are calibrated to the-totals, in the sense that

GREGQzT) = ijsm? ="
jEs

Under a standard asymptotic framework for finite populaiampling withN — oo,

N
Ty _ 4T _ v
HT(z") —t, =0, (\/ﬁ) )
Here and elsewhere, the remainder notafipi), o,(-), O(-), oro(-) is interpreted element-wise
for a matrix of the implied dimension; x ¢ in this case. Thus,

T T N
HT(«") - GREGY) = O, (\/ﬁ) .

In practice, these generalized regression estimation hveagljustments to the Horvitz-
Thompson estimators may be highly variable, particuldrthé number ofz-variables is large.
Extremely large or even negative weights are possible. Hsigbility has led a number of
authors to consider alternative estimation strategiesgus variety of methods (Bardsley &
Chambers, 1984; Chambers, 1996; Rao & Singh, 1997; BeautnBotci, 2008; Montanari &
Ranalli, 2009; Park, 2002; Park & Fuller, 2005; Lazzeroni igle, 1998; Elliott & Little, 2000).
As noted in the introduction, many of these methods are @xplbuilt on linear mixed models,
or build on ideas of ridge regression, and hence have andiiatik to penalized regression as
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4 F.J. BREIDT AND G. CHAUVET

in the linear mixed models. Broadly speaking, these estimahethods use linear mixed models
to relax calibration constraints.

2-3. Balanced sampling

If {x;} is available at the design stage for gl U, then an alternative to generalized re-
gression estimation is to incorporate thénformation into the design through the selection of
balanced samples. The sampling degign is said to be balanced on variable# the equations

HT(z") =t ©)

hold exactly. The variables; are called the balancing variables. If the equations (3)atis-
fied, the variance of the Horvitz-Thompson estimator is Zeraany linear combination of the
balancing variables.

Deville & Tille (2004) introduced the cube method, whichabtes the selection of exact bal-
anced samples if such samples may be found, or approximktedea samples otherwise. The
cube method proceeds in two phases: the flight phase, in vdai@imcing constraints are main-
tained exactly, and the landing phase, in which the balgnoimstraints are relaxed to complete
the sample. The flight phase consists of a discrete randot iwdhe N-dimensional hyper-
cube, beginning at’(s) = (1, ma,..., )T and proceeding in steps (s), 7%(s), ..., 7 (s),
whereF denotes the last step of the flight phase. At each step, onerer coordinates off(s)
are randomly rounded toor 1, and remain there forever. At the end of the flight phase, atmo
q coordinates ofr’(s) are not equal to 0 or 1.

The landing phase then proceeds to determine the remaiomgnteger coordinates, resulting
in the final samples” (s) = (I1,I5,...,Ix)". In this paper, we focus on the variant of the
landing phase that successively relaxes the balance aonistuntil the sample is finalized, by
dropping the last balance constraint, re-running the flpgteise with one fewer constraint, and
repeating as necessary. In this formulation, it is necgdsaorder the balancing variables with
respect to their relative importance, since the last bagneariables are removed first.

Deville & Tilleé (2004) show in their Proposition 4 that, fany variant of the landing phase,
the cube method achieves

|5

HT(z) —t,| < 1241
IHT(z) ml_qrjneag -

(again, interpreted element-wise), so that under reasergipotheses om; and for standard
designs with N minjep ;)= = O (n™!), we have

HT(z) =t, + O (%) . (4)

Note that the remainder term is non-stochastic, so for fixtlils can be much better than the
usual rate in the unbalanced ca®g(N/y/n).

One desirable feature of balanceonis that it reduces or eliminates the need for generalized
regression weight adjustments, since (4) implies that

HT(z") - GREGz") = HT(2") —tL = O (%) - ®)
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Penalized balanced sampling 5

2-4. Linear mixed model survey regression estimators

Linear mixed model-assisted survey regression estimat@kogous to generalized regression
estimators can be written

LMM (v) = Z {i + (tc — HT(C))T MS—IC_J} Uy

Jj€Es mj T
where
T T
. CjCj 0 0 B CjCj
MS—Z 7 + |:O )\2@—1:| _Z 7Tj_+A'
JESs jESs

The penalized spline survey regression estimator of Brefichl. (2005) is a special case
with xip =[1,zj,... ,x?_l], zJT =[(z; — /11)3__1, N ﬁK)i_l] for fixed, known knots
{ki}E |, andQ = 1.

One approach to the problem of using model (1) in survey desiguld be to use the cube
algorithm to draw samples balanced gnin the sense that

HT(0) = to+ 0 (FLEED), 6)

The flexibility and power of linear mixed models, howevepitally come with largek, so
that (6) may have unacceptably large errors. Such balasoegaiores the mixed effect structure
of the linear mixed model, and treats it (essentially) asrdinary regression model with+ K
fixed effects.

2.5, Penalized balanced sampling

We propose an alternative approach to the problem of usindeh{d) in survey design by
modifying the cube method of Deville & Tillé (2004) to dravemalized balanced samples, with
the property that Horvitz-Thompson estimators for thelsadhbalancing covariates in the model
are approximately equal to linear mixed model-assisteichasrs, while preserving the overall
df of the linear mixed model. To use the cube method, we spadkt of balance conditions and
an ordering of the balance conditions. The penalty in thealirmixed model sets the overall df
of the model, and the (possibly fractional) df of each badatmndition determines its priority in
the landing phase. These df also appear explicitly in therdehation of the error rates, as we
show below.

We are specifically interested in mixed models in whigh. .. by are random coefficients
of K basis functions, which occur in penalized splines and $einiparametric extensions, and
in smoothing with radial basis functions; see Ruppert e{2003) for these and many other
examples. It is convenient to first orthogonalize the fixed emdom effects in model (1) via

C=[X,(I-Px)Z]
wherePy = X(XTX)~1XT. Then define

T
M:CTCJrA:lXX 0 ]

0 ZT(I—Px)Z+X2Q7!
and compute

I 0
0 A;DAY

)

M1cTo = [
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6 F. J. BREIDT AND G. CHAUVET

whereD = diag{dy, ..., dx}, A1 DA} is the singular value decomposition of
-1
{271 - Pz +3Q7} 271 - Py)z,

and1l>d; >dy, > --- > dg > 0. Note that theg singular values corresponding to the fixed
effects are identically equal to one, and that % | d; = tr(CM~1CT) is the df of the linear
mixed model.

Finally, we define the balancing conditions as the columrb®N x (¢ + K) matrix

B:[bﬂzc[éA?D]' ()

Note that the firsty columns ofB are exactlyX in this formulation.

An alternative to the balancing conditions (7) that is usefpractice is to keep only the first
columns ofB, wherezfiﬂrl d; < a << 1; that is, dropping columns that all together account
for much less than one degree of freedom. In any case, peddtialanced sampling can be
implemented using existing software for the cube methoch a8 theR functionsanpl ecube
in thesanpl i ng library (Tillé & Matei, 2008; R Development Core Team, 2008 the SAS
Macrof ast cube (Chauvet & Tille, 2005). The user simply specifies the beéanonditions
and their ordering, selecting the landing phase variantdt@s columns sequentially until the
sample is finalized.

Figure 1 shows the balance conditions (column#ptaind corresponding singular values for
the linear mixed model corresponding to a 7 df penalizechsplvithg = 2 and K = 35. The
first two degrees of freedom correspond to fixed effects feiirtkercept and a linear term; sub-
sequent terms (approximately quadratic, cubic, etc.) fraational degrees of freedom, which
sum to 7 across all 37 singular values. These additionahuwuof B are all orthogonal toX by
construction. See Sectionl3for details.

Whether or not the sample is balanced, we have that

LMM (1) — HT(ch)
=> {CJT + (te = HT(¢))" Ms‘lﬂ} — HT(c")

J€Es mj T

= (te — HT(c)" {M‘lCTC + op(1)}

e {[1 5o 1 4] 00

= (t, — HT(b))" [éfﬂ + 0p <%) (8)

where we have assumed that- HT(c) = O,(NN/\/n); that is, its error rate is no worse than
the standard rate. The dominant term in the error is thenHT(b), which we now consider in
detail for balanced and unbalanced sampling.

PropPosITION1. Under penalized balanced sampling wihas defined in (7),

.
t, ~ HT(b)| < qmas 24, ©

T
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Penalized balanced sampling 7

for the fixed effect& =1, ..., ¢, and

1/2
(. 22)
th,00 = HT(Bya)] < (g ) d mipe ~=— == (10)
for the random effecté =1,..., K, Whereij = (%1,..., %K) denotes thgth row of (I —

Px)Z.

Proof: For theq fixed effects, which are the last to be dropped in the landhesp, the result
follows directly from Proposition 4 of Deville & Tille (209); see equation (4). For th€ random
effects, the result follows from Proposition 4 of Deville &8ll& (2004) and inequality (A1) in the
Appendix.

Proposition 1 shows explicitly the dependence of the eskimarror on the number of param-
eters and the corresponding df. We now obtain a similar espra for the expected estimation
error under a general sampling design, not necessarintada

PrRoPOSITIONZ2. Under a probability sampling design with second-order urstbn probabil-
ities m;;, defineA;; = m;; — m;m;. Then, withB as defined in (7),

Elty, — HT(br)|

1/2
< <N maxw-) v 1+ Nmaxi jev.izi || max —|$]k| (1))
B jeu max;ey T jev  m;

fork=1,...,q,and

Elty, ., — HT(bgrs)|

1/2
1/2 A 2 K 32
< (N A 7Tj) (1 n N max; jeu.i#j ’Aw’> dj, max M (12)

jeu max;ey mj jeu T
fork=1,... K.

The proof of this proposition is given in the appendix.

To facilitate comparisons, it is useful to simplify the dgsfeatures in Propositions 1 and 2 by
introducing some assumptions on the asymptotic behavitireoflesign. We assume a sequence
of designsp () drawing samples, of sizeny from the finite population$/,, with ny — oo
asN — oo, and

-1
i ) — -1). N . = —1).
(NJ'IGHIIJI;W]N) —O(n )7 lefglz}inN—O(n% %£i§¢j|AZJN|—O(nN )7

see, for example, A6 in Breidt & Opsomer (2000) for analogoysotheses.
It is immediate from these assumptions and equations (9)Bhdthat the relevant orders
for direct comparison of the errors of the fixed effects @e(Nn~!) for penalized balanced

sampling and),, (Nn‘l/z) for unbalanced sampling.
Similarly, for the random effects, we have from (10) thathwilance orB,

(foﬂ 5]2/<;) v

TiN

Ity

q+k

— HT(bg+1)| < (g + k) dj, max
JjeUN
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8 F. J. BREIDT AND G. CHAUVET

1/2

<(q+k)ds max (Z ng) . N

j€ Nminjeyy mjn

=(¢+k) dkma (i:{: )1/2O<%).

Without balance oB, we have from (12) that

Bty — HT(0g1r)|

_ /2
< O(y/nw) 1+w> dkmax<

Nminjey, mjn

The relevant orders for direct comparison of the errors efrimdom effects are theig +
k)dxO (Nn~1) for penalized balanced sampling, ahd,, ( Nn~'/2) for unbalanced sampling.
The first is deterministic, and of smaller order than the sd¢provided; + K can be regarded
as fixed relative to the sample size. Unlike (6), the ordepéoralized balanced sampling includes
the factordy, which decays rapidly to zero for many linear mixed modelst#rest. Thel,'s are
directly tied to the variance component structure of thedimmixed model and are interpretable
as fractional degrees of freedom.

Complete treatment of asymptotics with — oo is beyond the scope of this paper, but the
above arguments suggest that penalized balanced samplirpminate unbalanced sampling
for the linear mixed model, providell = o(,/ny). A reasonable way to ensure this for a given
design is to fix the overall df and truncateby dropping columns that together account for less
than one degree of freedom, as described above.

3. EMPIRICAL RESULTS

3-1. Simulation with penalized spline balance

In this section we discuss a Monte Carlo study comparing abeurof design/estimation
strategies, including balanced sampling guided by a pegwakipline expressed as a linear mixed
model. Following Breidt et al. (2005), we consider eight méactions:

const ant :m;(z) =8,

| i near:ma(z) =1+ 2(x —0.5),

quadrati c:mg(z) =1+ 2(z — 0.5)2,

bunp: my(z) = 1+ 2(z — 0 : 5)% + exp(—200(z — 0.5)2),
jump:ms(z) = {1+ 2(z — 0.5)I ;<0651 } + 065155065}
exponenti al :mg(z) = exp(—8z),

cycl el:my(z) = 2 4 sin(2nz),

cycl ed: mg(z) = 2 + sin(8nz).
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Penalized balanced sampling 9

The population is of sizeV = 1000. The populationz; are generated as independent and
identically distributed Uniforrfo, 1]. For all variables other thamonst ant , the mean function
is shifted and scaled so that the minimum equals 0 and thenmuaxiequals 2. The population
valuesy;,; i = 1,...,8 are created from the mean functions by generating a set epertient
N(0, o2) errors and adding this same random sequence to each ofittezl ind scaled mean
functions. We use two possible values for the model standaviation of the errors, namely
o =0.1ando = 0.4.

The linear mixed model corresponds to the penalized-splindel-assisted survey regression
estimator of Breidt et al. (2005), witf) = I,

X = {1%- ...xg-_l},
and
Z= |y —r) it (2 — i)t

where(a); = max{0, a}. The knots{x;} are fixed and given by the/(K +1),..., K/(K +

1) quantiles of the variable;. In this application, we take = 2 and K = 35, so that\? = 0
corresponds to a continuous, piecewise linear fit betweshribts (37 degrees of freedom), and
A2 — oo corresponds to a global line (2 degrees of freedom). FoligWBreidt et al. (2005),
we consider 7 degrees of freedom and compare to a varietyhef sampling and estimation
strategies.

The penalized balanced sampling with Horvitz-Thompsoimedion strategy dominates sim-
ple random sampling followed by regression estimation oafpiezed spline estimation, as well
as the four stratified strategies, since it is often muctebgtbot mean square error ratio 1.2
in 34 out of 96 cases) and rarely much worse (root mean squereratio < 0.95 in 10 out
of 96 cases). Many of the biggest wins occur for the casesatmpoorly approximated by
a low-order polynomialbunp, j unp, andcycl e4. The penalized balanced sampling with
Horvitz-Thompson estimation loses in low noise to simpled@m sampling followed by regres-
sion estimation fof i near, quadr ati c,exponenti al , andcycl el, which are the four
non-constant cases best approximated by the polynomidlingegression estimation. Also, it
loses to simple random sampling followed by penalized spistimation for the same cases, and
same reason. The remaining two losses are to stratificatithi2@ strata. Fine stratification is a
natural competitor for the proposed method, but penalizdnzed sampling does well against
it in this simple example. See SectiorB3or a case in which constructing fine strata would be
complicated, but penalized balanced sampling is straghtrd.

The strategy of penalized balanced sampling followed bgadirmixed model estimation is
better than penalized balanced sampling followed by HpfTiompson estimation in all of the
low-noise cases (root mean square error ratios ranging @.@s+-0.99), and essentially equiva-
lent in the high-noise cases (root mean square error ratos ©.97-0.99). The penalized bal-
anced sampling design does not achieve exact balance, aveison the fixed effects there are
typically calibration adjustments, meaning that the Ima&ed model-assisted estimator differs
from the Horvitz-Thompson estimator. The simulation resstiere are consistent with those of
Deville & Tille (2004), who also found calibration afterlaaced sampling to be the best strategy.

One general concern about balanced sampling is the sizes @ugbport of the design. That
is, one possible drawback of balanced sampling could bekeofaentropy associated with only
a small number of samples likely to be selected, as is the wakhesystematic sampling. In
the case of penalized balanced sampling, it might be exgebte the support of the design is
particularly small, since many balancing constraints aeduHowever, in this study each of the
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10 F. J. BREIDT AND G. CHAUVET

Table 1.Root mean square error of seven strategies divided by roahrsgquare

error of Horvitz-Thompson estimator for penalized balastheample with a 7 de-

gree of freedom spline, based by000 samples of size = 100 from a fixed finite
population of sizeV = 1, 000.

const ant

I'Tnear

quadratic
bunmp

junp
exponent i al

RPWOOYOOIR,WWONWOY
WANO~NONOR~WONOION

cyclel

JOJOHNOIRUTO WO W~ H
APNPHPRPREPENOHOY

=
© OY
g

e i e s I
AHAHBPMHBRAHRHRANHRH
NNPQOOgR R FPHEFPORORH
ONOWOWOUIONOOOO O
PNPRJOJONIYOWRNON
PWRPrgoOogRrREPROgRgRHL
9o owWoNBNgEog
PRENENENENENE AR
ONNOFRPFENNNNNONOO
SN dGoclodododIgedy
PWRPHRPHRPRPRRPHERORH
ropNoHRooNowodog
ORNOROERNNRFOOINOIWW
PRHOgOo9FPrHFPgRPRHOgRH
P wododorogogogog
wAO~JOHPNOHOT 0TS
0g9o090g0go0gog9ogog
[(e]{e [{eJoe [{e LN [{o]{e [{e]ee [{o]oe [{e)oo [{e]{o
00Ny 00 G ~109 © W O H~H O RN © G

cycle4

SI-GREG, simple random sampling without replacement withdggree polynomial regression es-
timation; SI-LMM, simple random sampling without replacemwith a 7 degree of freedom penal-
ized spline linear mixel model estimation; ST4, ST5, STIRG stratified simple random sampling
without replacement with 4, 5, 10, or 20 equally-sized satratd Horvitz-Thompson estimation;
PBS-LMM, penalized balanced sampling selection followed blegree of freedom penalized spline
linear mixed model estimation

1000 simulations performed led to a different estimate, sugggshat the support of the design
is reasonably large.

We also considered the issue of variance estimation forligedabalanced sampling. Since
second-order inclusion probabilities are difficult to cartgoexactly, both the Yates-Grundy vari-
ance estimator and the Horvitz-Thompson variance estimmaty not be used directly. Al-
ternatively, one may consider the variance approximatimpg@sed by Deville & Tilleé (2005)
or the martingale-difference variance approximation pegg by Breidt & Chauvet (2009).
The martingale-difference variance approximation is dage a representation of the cube
method that enables the construction of an efficient sinmdiased approximation of the de-
sign variance-covariance matrix. This approximation itabted through an independent run
of 10,000 simulations. Both the Deville and Tillé variance approation and the martingale-
difference variance approximation are compared to theamaé of the Horvitz-Thompson esti-
mator in Table 2. Clearly, the approximation of Deville arll€Ttends to underestimate the true
variance. The negative bias is particularly high with a $maloefficient, that is, if the balancing
variables have good explanatory power. In fact, only thénflighase is taken into account in
the variance approximation of Deville & Tillé (2005), wieass the landing phase may prove to
contribute non-negligible variance when the variable ¢ériest is highly related to the balanc-
ing variables. The martingale-difference variance apjpnakion clearly dominates the Deville
and Tillé variance approximation, since it is always heiteall the low-noise cases and in all
the high-noise cases but two, indicating that the methodemds in accounting for the whole
sampling process in the variance approximation.

3.2.  Simulation 2: Random walk balance

In this section, we discuss a second Monte Carlo study, vattalized balance on a temporal
linear mixed model. The response variables in this exangllewW Lazzeroni & Little (1998),
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Table 2.Variance of the Horvitz-Thompson estimator for penalizeldiced sample based on
1,000 samples of size = 100.

1

[ o [ constant [T hnear quadratic bunp junp exponentr al cyclel cycled )
0.1 SIM 82 133 124 150 139 127 132 197
DT 88 88 88 88 91 88 88 91
MD 88 134 130 144 145 132 117 208
0.4  SIM 1510 1461 1566 1497 1475 1544 1296 147
DT 1412 1412 1412 1412 1413 1412 1412 1414
MD 1413 1461 1456 1473 1470 1457 1441 1534

SIM, direct simulation-based variance approximation; Daville and Tillé variance approximation; MD, martingale
difference variance approximation

4

where models for smoothing post-stratification weightsenewsmpared with other procedures
on an artificial data set. Our population was constructedh Wit= 20 domains, representing
ordered age group categories. The domains are denotéd as , Uy, with randomly-generated
domain countsV,, h =1,..., H ranging from 29 to 112. These counts were simulated with
mean62.9 and standard deviatid28.3, one-tenth of the corresponding values for Non-Hispanic
Females in East Lost Angeles used by Lazzeroni & Little (39@&ir simulated population size,

N = 1,317, is thus approximately one-tenth the size of the originadigt(12, 575).

Study variables were generated as described in Lazzeroriitl® (1998),55.2, with normal

and log-normal versions of 9 response variables. In the fhabcases, the variables are gener-
ated asyy,; | i, independent and identically distributedNo?), with:

e NULL:pp, =0,02=1

e XRE: yy, iid N(0,1/3) (exchangeable)y? = 1 (Hl GH) or o2 = 1/3 (LOW

o ARL: y, ~ N(0,1/3), Cor{pup, punyx) = 0.9, 02 =1 oro? = 1/3
e REG yy, independent KD.2k,1/3), 0> =10ro? =1/3
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529 Table 3.Root mean square error of six strategies divided by root
530 mean square error of Horvitz-Thompson estimator for pereali
531 balanced sample with 4 degree of freedom random walk, based
532 on 1,000 samples of size = 100 from a fixed finite population
533 of sizeN =1, 317.
534 [ SIFGREG SI-RW_ST4_SI5_STI0 ST2p
535 Normal Cases
536 NULL 0.98 097 099 1.00 0.96 0098
XRE-LOWN |  1.40 135 133 129 125 0.93
537 XRE- HI GH 1.14 112 113 111 1.08 0.9
ARL-LOW| 1.42 117 112 1.08 1.01 0.97
538 AR1- HI GH 1.14 1.04 103 1.03 098 0.97
539 REG LOW| 259 148 154 129 123 0093
REG- HI GH 1.71 118 122 112 1.07 0.9%
540 QUAD-LOW| 2.25 188 173 149 126 0.9
541 QUAD- H GH 1.56 137 130 121 1.08 0.9%
L og-Normal Cases
542 NULL 0.94 093 1.01 098 0.97 1.00
XRE-LOW| 1.21 118 121 115 115 0.98
543 XRE-HI GH | 1.04 1.02 1.08 1.04 1.04 0.99
544 ARL-LOW| 1.23 1.06 1.09 1.02 1.00 1.00
ARL- HI GH 1.04 098 1.04 099 0.98 1.00
545 REG LOW| 2.09 127 136 114 114 098
546 REG HI GH 1.43 1.06 115 1.03 1.03 0.99
QUAD-LOW| 1.87 158 150 1.30 1.16 0.9
547 QUAD- H GH 1.34 120 120 110 1.05 0.9
548 SI-GREG, simple random sampling without replacement withcggree poly-
549 nomial regression estimation; SI-RW, simple random samphithout replace-
550 ment with a 4 degree of freedom random walk estimation; ST, $T10,
551 ST20, stratified simple random sampling without replaceméth 4, 5, 10, or
552 20 equally-sized strata and Horvitz-Thompson estimation
553
554 e QUAD: y, independent K41 — 0.84h + 0.04h%,1/3), 02 = 10oro? =1/3
555
556 In the 9 log-normal cases,
557
ceg Yni = pun + 01/64/151 (exp(zpi) — 13/8) ,
559 with {zp;} iid N(0,1), andu;, ando as defined above.
560 In this application, the linear mixed model is linear= 2) with random walk errors among
561 domains. That is,
562 H
563 X = (1 (/H) 2, -
564 and
565 Lo o
o600 11,20
o567 Z = [Ugjevy Ijevsy -+ Ijeuny]
568 R
569 11...1] ey
570 We consider 4 degrees of freedom and compare to six othegrdestimation strategies in
571 Table 3. Penalized balanced sampling followed by eithewiiniThompson estimation or by
572 random walk estimation gives virtually identical resuks, results for the latter strategy are
573 omitted. For the five strategies excluding the fine stratificea penalized balanced sampling
574 followed by Horvitz-Thompson estimation dominates sirices ioften much better (root mean
575 square error ratio- 1.2 in 34 out of 90 cases) and rarely much worse (root mean squara &tio

576 < 0.95 in only 2 out of 90 cases). Penalized balanced samplingvWeltbby Horvitz-Thompson
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Fig. 2. Response variables with exchangeable, first-order
autoregressive, linear and quadratic domain effects, from
left to right. The upper plots correspond to the low-noise
(o = 1/3) normal versions of the response variables, and
the lower plots to the low-noise log-normal versions. The
piecewise constant curves correspongitoas defined in

the text.

estimation is essentially identical to fine stratificatiam the log-normal variables, while fine

stratification is slightly better for the normal variabl&ne stratification is a natural competitor
to penalized balanced sampling in this example, which igrmedl in one dimension and hence
easy to stratify. In the example of the next section, findifitation would be much harder to

implement.

3-3.  Application: spatial sampling with low-rank kriging

This example was used to illustrate a nonparametric smead#l astimation methodology in
Opsomer et al. (2007). Between 1991 and 1996, the Envirotahlonitoring and Assessment
Program (EMAP) of the US Environmental Protection Agenaydieted a survey of lakes in the
Northeastern states of the United States. The survey wasl lmasa population of over 21,000
lakes from which 334 lakes were surveyed. A major focus of@psomer et al. (2007) appli-
cation was estimation of the mean acid neutralizing cap#8hC) for each of 113 small areas
defined by 8-digit Hydrologic Unit Codes (HUC) within the reg of interest. The linear mixed
model fitted in that application included fixed effects foe thtercept and elevation, random ef-
fects for the HUCs, and random effects for a low-rank versicamthin-plate spline, witl{ = 80
knots selected by the space-filling algorithm implementethecover . desi gn() function
in the FUNFI TS package for S-plus (Nychka et al., 1998).

For purposes of illustration, we treat this as an artificigl dfealistic design problem and con-
sider the sampling of = 334 lakes from theV = 21, 363 Northeastern lakes with non-missing
locations and elevations. These lakes are plotted in Figukeith color scale indicating lake
elevation. We seek a sample balanced on elevation and wiik segree of spatial balance.

We use penalized balanced sampling driven by a linear mixedeinwith fixed effects for
intercept and elevation. For random effects, we start withgameK = 80 knots as used in
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Opsomer et al. (2007), but with random effects correspanttira low-rank kriging specification
using an exponential covariance functiop(r) = exp(—|r|/p).
The linear mixed model is then

yu = [1,elevation]

+[vo(llsj = Kil)] o i ([%(Hk‘h - kiH)]hKFl)_l/Q b
+eu,

with {k;}/<, the knot locations{z:;} ", the lake locations, and

&) (o [0 1))

We chose\? = (0gor + 0fiuc)/Tapiine = ((179.5) + (365.7)%) /(71.2)* to match the earlier
paper, and to reflect the case in which a sample designer lmasnformation about sources of
variation. With A2 fixed, the choice op = 0.34 gives approximately 8 degrees of freedom.

We used th&k functionsanpl ecube in thesanpl i ng library (Tillé & Matei, 2008) to select
the penalized balanced sample shown in Figure 3, which tppkoaimately 4 minutes on a
Lenovo Thinkpad dual core laptop computer, including carging the design matrices and
computing the singular value decomposition. The sampleagpto have good spatial balance,
considering the irregular spatial domain and irregulatiapdensity of the population of lakes.
Achieving such balance appears to be non-trivial usingrargi methods like spatially systematic
or stratified sampling.

4. CONCLUSION

The use of linear mixed models and related methods in sursiyation is pervasive, so it
seems natural to consider their use in survey design. Redddalanced sampling produces sam-
ples for which Horvitz-Thompson estimators behave likedinmixed model-assisted survey
regression estimators. The cube method and existing seftmake implementation of penal-
ized balanced sampling straightforward. The linear mixemtleh formulation gives the survey
designer considerable flexibility in specifying a designténms of fixed effects with highest
priority for achieving balance, and random effects withréasing priority for achieving bal-
ance. Priority is parameterized by degrees of freedom ob#t@nce conditions, ranging from
1 degree of freedom for each fixed effect to near 0 degreesetifim for the least-important
random effects. This prioritization of balance constmiatanalogous to relaxation of calibration
constraints in estimation, a common application of lineagath models. Simulation results and
empirical examples illustrate the methodology in honpaaizy temporal, and spatial settings
and show that penalized balanced sampling leads to effidé=ign-estimation strategies relative
to a number of alternatives.
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5. APPENDIX

5.1. Bounds on elements bf

We establish a bound fab; .| wherej € U = {1,...,N} andk =1,..., K. These are the terms
in the last/’ columns inB, where

B:O[éA? }:[X,(I—PX)ZAlD].
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Let 2f denote thgth row of (I — Px)Z and leta;, denote théth column ofA;, recalling that this matrix
is orthonormal by the singular value decomposition. ThendlstK” columns ofB are

[bjq+1 Djgra - bj,q+K]jeU
= [ijTal %Tag e ZJTaK]jeU diag{dl, do,. .., dK}

= [ngClel 2}1&2(12 tee 27TCLKdK]

jeu ’
Hence
b1kl = 7] ardy|
X 1/2
o \1/2 1/2 .
< dj, (ZJTZJ) / (agak) 2 _ dp <Z sz> . (A1)
k=1
5.2. Proof of Proposition 2
Note that
2
(E|tbq+k - HT(blﬁ-k)l) < E|tbq+k - HT(bq-Hf)lz
byiri)’ baski Dtk
iU g i,jEUi#] ! J
gl )
< Zﬂ'i(l—ﬂ'i)—F Z |Alj| (maxﬂ> . (AZ)
€U i,jEUi£] JeU

For an asymptotic analysis, it is convenient to bound (A2hier, as

b ) 2
< <Nma5”7j+N2 max |Aw|> <max7| q+k"3|>
Jje

1,j€UF#] jeU Uy
2
N max; jevizj |Aij btk
< Nmaij 1+ 1,J€ .175.7| zJ| max' q+ ,J| ’
jeEU - maXx;ey T JjeEU Uy

from which Proposition 2 follows by application of inequgl{Al).
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