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Abstract

The Cube method proposed by Deville and Tillé (2004) enables the selection
of balanced samples: that is, samples such that the Horvitz-Thompson estima-
tors of auxiliary variables match the known totals of those variables. As an exact
balanced sampling design often does not exist, the Cube method generally pro-
ceeds in two steps: a “flight phase” in which exact balance is maintained, and a
“landing phase” in which the final sample is selected while respecting the bal-
ance conditions as closely as possible. Deville and Tillé (2005) derive a variance
approximation for balanced sampling that takes account of the flight phase only,
whereas the landing phase can prove to add non-negligible variance. This pa-
per uses a martingale difference representation of the cube method to construct
an efficient simulation-based method for calculating approximate second-order
inclusion probabilities. The approximation enables nearly unbiased variance es-
timation, where the bias is primarily due to the limited number of simulations.
In a Monte Carlo study, the proposed method has significantly less bias than the
standard variance estimator, leading to improved confidence interval coverage.

Keywords: Balanced sampling, Cube method, Inclusion probabilities,
Martingale

1. Introduction

A balanced sampling design has the attractive feature that the Horvitz-Thompson
estimators of the totals for auxiliary variables, called balancing variables, exactly
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match the known totals. Deville and Tillé (2004) introduced the cube method,
which enables the selection of exact balanced samples if such samples may be
found, or approximate balanced samples otherwise. The cube method proceeds
in two phases: the flight phase, in which balancing constraints are maintained ex-
actly, and the landing phase, in which the balancing constraints are successively
relaxed until the sample is completed. In the case of balanced sampling with
maximum entropy, Deville and Tillé (2005) proposed various variance approx-
imations and associated variance estimators, and compared their performance
through a set of simulations.

The variance approximations proposed by Deville and Tillé (2005) do not
take into account the whole sampling process, as they ignore the contributions
from the landing phase. In fact, the landing phase generates an additional term of
variance that may not be negligible in many cases. For example, if the balancing
variables have high predictive power for the variable of interest, then the contri-
bution from the landing phase may represent a major part of the variance. In the
extreme case when the variable of interest may be perfectly explained through a
linear regression model including the balancing constraints as independent vari-
ables, the variance due to the flight phase is 0. As pointed out by a referee,
the variance associated with the landing phase may also be important when the
number of balancing constraints is high as compared to the (expected) sample
size. The use of linear mixed models as a way to relax balancing constraints is
considered in Breidt and Chauvet (2010).

In this paper, we propose a simulation-based approximation of the variance-
covariance matrix of the sampling design. The use of simulation-based meth-
ods to approximate inclusion probabilities is discussed in Fattorini (2006) and
Thompson and Wu (2008) The simulation method relies on a martingale differ-
ence representation of the cube method. The proposed simulation-based approx-
imation is shown to be particularly efficient as compared to a naive simulation-
based approximation, which ignores the martingale difference structure. The
approximation enables the computation of a variance estimator that takes into ac-
count the whole sampling process. We show that the resulting variance estimator
has significantly less bias than the standard variance estimator from Deville and
Tillé (2005), leading to confidence intervals with better coverage rates.

The paper is organized as follows. After defining notation in Section 2, we
present the simulation-based variance approximation and the resulting variance
estimator in Section 3. The martingale-difference based variance approximation
is compared to the naive simulation-based approximation in Section 4.1, and the
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variance estimator is compared to the standard estimator of Deville and Tillé
(2005) in Section 4.2 through a set of simulations. A brief discussion follows in
Section 5.

2. Balanced Sampling

Let U denote a finite, labeled population of size N. Let S denote a random
sample selected from U by means of a sampling design p(-). Let m, = Pr[k € §]
denote the inclusion probability of unit k, and m;; = Pr[k,l € S] denote the
second-order inclusion probability. Write 7w = (7y,...,m, ..., my)" for the vector
of inclusion probabilities and I(S) = (I4,..., I, ..., Iy)" for the vector of sample
membership indicators, where I, = 1 if k € S and O otherwise. The sampling
design is assumed to be of fixed size. This implies that > ;. 1 = n = Yy I
where n denotes the sample size.

The Horvitz-Thompson (1952) estimator,

b= Y 1L, (1)

T
keU k

estimates without bias the finite population total #, = ;< zx of the (vector)
variable z;. The variance of the Horvitz-Thompson estimator may be obtained
by means of the Yates-Grundy (1953) formula:

Var(i) = -3 > A (3 - 2) (3 - 2) , 2)

kiU k#l e T

where Ay = my — mr. In the particular case of a scalar variable of interest
Z; = Yx, we obtain

2
Var(i) =3 > A(y_ _ &) | 3)

kleU:k+#l

We assume that a vector X; = (X, . .., x») of g auxiliary variables is known
at the design stage for each unit k in the population. Such auxiliary information
allows for possible gains in efficiency through the selection of balanced samples,
drawn via the cube method (Deville and Tillé, 2004). The sampling design p(:)
is said to be balanced on variables x if the equations

far = Iy “)



hold exactly. That is, the Horvitz-Thompson estimator for the auxiliary vector
x exactly matches the known vector of totals. The variables x; are called the
balancing variables. For example, the condition of fixed sample size is met if
the inclusion probability m; belongs to the vector X, of balancing variables. If
the equations (4) are satisfied, the variance of the Horvitz-Thompson estimator
is zero for any linear combination of the balancing variables x. As an exact bal-
anced sample generally cannot be found, the cube method enables the selection
of approximately balanced samples, proceeding in a flight phase and a landing
phase as noted above.

Several implementations of the cube method have been proposed in the lit-
erature. Algorithm 1 given in the appendix covers both the flight phase and the
landing phase. The flight phase given in Algorithm 1 corresponds to the general
flight phase as proposed by Deville and Tillé (2005) and described by Chauvet
and Tillé (2006, Algorithm 1). The variance estimation strategy proposed in this
paper may still be applied if the very fast implementation of the flight phase
proposed by Chauvet and Tillé (2006, Algorithm 2) is used instead. The land-
ing phase given in Algorithm 1 proceeds by successively relaxing the balancing
constraints. A landing phase by means of an enumerative algorithm could alter-
natively be used (see Tillé, 2006, p. 163), but the variance estimation strategy
proposed in §3.1 of this paper would no longer be valid, since the martingale
difference representation of the cube method would not be maintained during
the whole sampling process. Also, the landing phase given in Algorithm 1 has
the advantage of permitting the selection of a balanced sample in a reasonable
amount of time, even if the number of balancing variables is large (see Tillé,
2000, p. 164).

Algorithm 1 proceeds in steps ¢t = 0,1,...,T from my(S) = 7w to 7wp(S) =
I(S), the final sample. At each step, one or more coordinates of m,(S) are ran-
domly rounded to O or 1, and remain there forever. Let X = [x, Jxcv, the N X g
matrix of auxiliary variables. During the flight phase, the balancing equations
remain exactly respected, that is:

X' diag{m; ' Yeym (S) = X'y

where 1y denotes the N X 1 vector of ones. When exact balance is no longer

possible, the constraints are relaxed successively in the landing phase. It is thus

necessary to order the balancing variables with respect to their relative impor-

tance, since the last balancing variables are removed first. We assume that this
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ordering has been done prior to implementation of Algorithm 1.

If the sample S is selected by means of Algorithm 1, the variance of the
Horvitz-Thompson estimator may be decomposed as follows:

Var (f}ﬂ) = Var (E [fy,r | ZrT( (S )]) + E [Var (fy,, | 777 (S ))]

A 5
= Vp(tyﬂ) + VL(tyn)a ©)

where 77 (S) stands for the sequence m,(S) at the end of the flight phase,
t = T(F). The term V(i) denotes the variance due to the flight phase, whereas
the term VL(fy,T) denotes the variance due to the landing phase.

The cube method belongs to the family of martingale algorithms (Tillé, 2006,

.....

the algorithm, defines a discrete time martingale.

3. Variance estimation for balanced sampling

The variance of the Horvitz-Thompson estimator is given by formula (3).
Consequently, an unbiased variance estimator is given by

2
v(fyn):—l Z %(&_&) (6)

kiesker Tk \TTk T

if all m; = Ay + mr are strictly positive. Second-order inclusion probabili-
ties are, however, usually difficult to compute for a general balanced sampling
design. A particular case of balancing variables for which these probabilities
may be calculated is when x; = x; = my, that is, when the constraint of fixed
sample size is the only balancing constraint. If this balanced sampling design
is performed with maximum entropy, Deville (2000) and Matei and Tillé (2005)
proposed an algorithm that enables the computation of the exact second-order
inclusion probabilities. In general, we resort to simulation for computation of
Akl-

3.1. Simulation-based variance estimation

We consider two variance estimators, based on two different simulation-
based approximations of the design variance-covariance matrix,

A = [Aylkjev = Var(I(S)) .
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Since
E[I(S)-m)UI(S)-7)] =A,

an obvious, unbiased simulation-based estimator of A is given by

1 < )
Asiv = & Z] UES)-m)US) -7, (7)
where Sq,...,S....,S¢ are C independent replicates of the sample. These

replicates may be selected by Algorithm 1. As pointed out by a referee, the 7
vector may be replaced by its simulation-based estimator g, = % chzl IS ,),
to get an alternative estimator of A given by

1 C
Bsi =z D (U(Se) = w5100 S ) = s @®)

c=1

The corresponding variance estimator for a given sample S is then obtained
by plugging (7) into (6),

e T

1 Asimu (yk Vi )2 ©)

o (tyﬂ) kIS kel Asimu + Tty
This estimator is no longer exactly unbiased, because the unbiased approxima-
tions of the Ay enter non-linearly. The estimator also has greater variance than
v due to the simulation. Both the bias and the additional variance can be made
arbitrarily small for sufficiently large C.
We now propose an alternative simulation-based approximation for A that
uses the martingale structure of the sampling algorithm. Specifically, note that

T
IS) = mr($) = m+ ) 6(8), (10)
=1

where the innovations {§,(S)},=;..r are given in Algorithm 1. By construction,
{6,(S)} is a martingale difference (MD) sequence with respect to the sequence
of sigma-fields 7,_1 = 0 (6p(S), 81(S),...,0,-1(S)), and so these random vectors



are uncorrelated and have mean zero. Hence,

A=Var(I(§)) = Var(mr(S))

Sy Var (8,(S))

Y1 E[Var (6,(8)|F-1)]

E [0 41,($)A5,(S u(S)u;(S)]

the last equality following from Step 3 of Algorithm 1. Consequently the A
matrix is unbiasedly estimated by

1 C T * * ’
Aup = & 21 Zl A8 5,8 (S Hul(S o), (11)
where S1,...,S.,...,S¢ are C independent replicates of the sample, selected by

Algorithm 1.
The corresponding variance estimator for a given sample S is then obtained

by plugging (11) into (6),

T T

1 Amp ()’k i )2 (12)

VMD (fyn) =-3
k,leS k#l Avp i + T

A key question is whether the MD-based approximation is any better than
the standard simulation-based approximation, SIM. Note that

T T
2,2, 5:8)8,(5)
=1

r=1 t

I(S) - mUIS) - 7Y

M1~

E[6,(5)6:(S)|F-1]

t

T
+ ) (8:8)8/(S) ~ E[8,(8)8/(S) | Fi1])
t=1

+ ), 8.(5)8(8)

r#t

T
= Z AL ()5, (S u(SHu;(S) + Ai(S) + Ax(S),
t=1



so that

1< 1<
A = Ayp+— A(S)+ = A (S,
siu D CZ‘ 1(Se) CZI 2(S)

AMD +A1 +A2. (13)

Clearly E[A] = E[A;] = 0. Equation (13) implies, in some sense, that one part
of the variability of Ag;y, vanishes in Ay p, since the two random terms A; and A,
are omitted. The sign of the covariance between A,,p and A; + A, would be nec-
essary to make this point rigorous; unfortunately we have not found a tractable
approach for computation of this covariance. However, our simulation results
on a small population suggest that our approximation performs particularly well:
see Section 4.1.

3.2. Maximum entropy variance estimation

Another variance approximation is provided by Deville and Tillé (2005).
They assume that the balanced sampling is performed with maximum entropy,
and that the sampling design is exactly balanced. Then, under an assumption of
asymptotic normality of the multivariate Horvitz-Thompson estimator 7,, under
Poisson sampling, they derive the following variance approximation:

Varpy () = Z (1 = ) (y—k - —") (14)

keU

where

Vi = X, (Z (1 —m) ) Zﬂz(l - ﬂl)@

leU leU

is a weighted prediction of y, obtained with the g balancing variables x;. Other
slightly different approximations are proposed in Deville and Tillé (2005), but
their simulation results suggest that approximation (14) performs well among
variance approximations that may be computed in case of any set of inclusion
probabilities. A variance estimator is obtained through a substitution of each
total in (14) by its Horvitz-Thompson estimator, using a plug-in principle. The
resulting estimator is

~\ 2
vor(i) = = > (1 =) (& - &) , (15)

9 ies Tk
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where

-
5i=x, [Z(l - m)x’—fl] > -m=t
/€S a €S an
The hypothesis of exact balancing assumed by Deville and Tillé (2005) im-
plies that approximation (14) accounts for the variance due to the flight phase
only. Consequently, the variance estimator given in (15) may lead to serious bias
in variance estimation if the variance due to the landing phase is appreciable.
With the method we propose, the whole sampling process is taken into account
in the variance estimation.

4. Results of the numerical studies

4.1. Comparison of the two simulation-based approximations

We first consider the two simulation-based approximations, Ag;y and Ayp,
for a small finite population in which exact computation of A is possible. The
population U is of size N = 10. Two balanced designs are considered, one of size
n = 3 and one of size n = 5. For each design, the inclusion probability vector
7 is obtained by drawing z;,...,zy as independent and identically distributed
Uniform(0,0.2) random variables. Then define 7, = nz;/ X ey 2z We consider
the sampling design with x;; = 1 and x;, = m; as balancing variables. This is not
an exact balanced sampling design.

Since the population is of very small size, the complete support of the design
can be enumerated, and the design probabilities can be computed exactly. In the
case n = 3, there are 58 possible samples, with probabilities of selection ranging
from 3.12 x 107 to 7.92 x 1072, In the case n = 5, there are 61 possible samples
with probabilities of selection ranging from 8.74 x 107 to 1.42 x 10~!. Further,
A can be computed exactly.

The two simulation-based approximations Agy» and Ayp given by formu-
las (8) and (11), respectively, are compared. The results obtained with the
simulation-based approximation Ag;y, given by formula (7) are very similar to
those obtained with Ag;,, given by formula (8), and are thus omitted.
Following Deville and Tillé (2005), we note that if we approximate A by A prox
the worst-case variance approximations are given when the ratio

y, Aapproxy
y'Ay



is far from one, with extreme values given by

miny’Ag,,r.y subject to y'Ay = 1,
y

and
max y' Agpprory sSubject to y'Ay = 1.
y

In turn, these optimization problems correspond to choosing the smallest and
largest nonnegative general eigenvalues @,,;, and a,,,,, respectively, where the
general eigenvalues are the roots of the polynomial det [Aappmx -« A]. See Dev-
ille and Tillé (2005, p. 576) and Harville (1997, p. 562, 581). A good approxi-
mation of the A matrix should give general eigenvalues «,,;, and @,,,, close to 1.

These general eigenvalues for Agy, and Ayp, computed with varying num-
bers of simulations ranging from C = 50 to C = 10,000, are given in Figure 1
with a logarithmic scale for the eigenvalues. We note that with the proposed MD
approximation, @,,;, and «,,,, converge quickly to 1 as the number of simulations
grows. That is, the matrix Ayp converges quickly to A. Moreover, the matrix
Ayp systematically outperforms the matrix Agjy, regardless of the number of
simulations used.

Sample of size 3 Sample of size 5

30 40

15 20

Eigenvalues
1
Eigenvalues

1.0

0.5
1
0.5
1

T T T T T T T T T T T T
2000 4000 6000 8000 10000 2000 4000 6000 8000 10000

o
o

Number of simulations Number of simulations

Figure 1: Largest and smallest nonnegative general eigenvalues versus number of simulations,
C. The blue, solid curves correspond to the proposed approximation (MD), and the red, dashed
curves to the usual simulation-based approximation (SIM). Vertical axis is logarithmic.
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4.2. Comparison with the Deville-Tillé variance estimator

Some numerical studies adapted from Deville and Tillé (2005) are considered
to assess the proposed MD variance estimator. We consider balanced sampling
designs in three different populations. In the two first populations, the inclusion
probabilities are generated by using a uniform distribution.

Balanced design 1: The population U, is of size N = 40. The design consid-
ered has unequal probabilities and n = 15. For k € U, define

- )
o=k, =k, za =k

andletz; = N7! DkeU; Ziks si. =(N-1)"! kel (zik—Z;)? denote the usual empirical
mean and variance for i = 2,3,4. Then x| = (x, Xk, X3x, Xat), Where xy; = m;
and _
Zik — Zi
Sz

Xik =
for i = 2,3,4. This is not an exact balanced sampling design.

Balanced design 2: The population U, is of size N = 30. The design con-
sidered has unequal probabilities and n = 10. Define x; = 1, xp = 1 if
k € {1,...,15} and O otherwise, x5 = 1 if k € {11,...,25} and O otherwise,
and xu = 1ifk e {1,...,5} U{21,...,30} and O otherwise. This is not an exact
balanced sampling design.

Balanced design 3: The population Us is of size N = 45. The design consid-
ered has equal probabilities and n = 15. Define x;; = 1, x;p = 1ifk € {1,..., 15}
and O otherwise, x5 = 1 if k € {16,...,30} and O otherwise, and x;» = 1 if
ke{l,...,9ru{l6,...,21} U {31,...,39} and O otherwise. This is an exact
balanced sampling design.

In each population, five variables of interest yy, ..., ys are generated accord-
ing to the linear regression model

Yik = B+ BaXok + BaXak + BaXax + T €, (16)

for j =1,...,5. The ¢’s are generated according to a normal distribution with
mean 0 and variance 1. For populations U, and U3, 5, = 8, = 83 = B4 = 1. For
population U, 81 = 0 and 5, = 83 = B4 = 1. In each case, the coeflicient o-; was
chosen to give a model R? (coeflicient of determination) approximately equal to
0.1 for y;, 0.2 for y,, and so on.
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In population Us, five other variables of interest y'", ..., yg”’ are generated ac-

cording to the linear regression model with interactions

int
y’]i = Y1t YoXokp + Y3X3k + VaXak + Ys5Xok X Xap + YeX3k X Xag + 1] €, (17)

for j = 1,...,5. The ¢’s are generated according to a normal distribution with
mean O and variance 1, and we used y; = ¥, = y3 = v4 = ¥s = ¥ = 1.
The coefficient 77; was chosen to give a model R* (coefficient of determination)
approximately equal to 0.1 for y}", 0.2 for yJ, and so on. These variables of
interest are meant to evaluate (to some extent) the performance of the variance
estimators when the auxiliary information used is not fully adequate.

Our objective is to estimate the variance of the Horvitz-Thompson estima-
tor of the totals of the five y-variables of interest for populations U; and U,,
and of the ten y-variables of interest for population U;. The methods consid-
ered included the proposed Martingale Difference variance estimator (MD) and
the approximation given by Deville and Tillé (DT). The Ay;p matrix in (11) was
obtained from a separate simulation run of C = 100,000 samples. The same
simulation run was used to compute the variance of the Horvitz-Thompson esti-
mators given in (5), as well as the variance due to the flight phase which is given
by the first term in the right-hand side of (5). The importance of the variance due
to the flight phase in the overall variance is measured by the relative flight effect
(FE) given by
VF (fyﬂ)

Var (fyn)
Since an exact balanced sampling design is considered in population Us;, there is

no landing phase and the variance is only due to the flight phase. Consequently,
the F'E is omitted in this latter case.

FE(,,) = 100 X

As a measure of bias of a point estimator & of a parameter 6, we used the
Monte Carlo percent relative bias (RB) given by

B 3160 -6

RByc(®) = 100 x .

where B = 2,000 independent samples are selected according to the balanced
sampling design, and 9@) gives the value of the estimator for the pth sample. As

a measure of variance of an estimator 6 we used the Monte Carlo percent relative
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stability (RS) given by

VB ZE @ — 67

RS 11c(0) = 100 x .

When 6 = Var (fy,,), we have 8 equal to either vyp(f,) or vpr(f,). We also as-
sess the coverage of confidence intervals computed using the ¢ distribution with
n—q degrees of freedom, where g denotes the number of balancing variables. The
results are given in Tables 1, 2 and 3 for populations U,, U, and Us;, respectively.

In each of the first two populations, the relative bias of the DT estimator in-
creases as the R? of the model increases, whereas the MD estimator remains ap-
proximately unbiased. As a consequence, the DT estimator is also outperformed
by the simulation-based variance estimator in terms of confidence interval error
rates, especially when R? is high. Our interpretation is that R*> measures the rel-
ative importance between the variance due to the flight phase and the variance
due to the landing phase in the overall variance, which is in agreement with the
FE. When R? is small, the balancing variables have little explanatory power
for the variable y. The variance due to the flight phase is then high (close to the
variance obtained in case of a simple fixed-size sampling strategy) and dominates
the overall variance. When R? becomes larger, the balancing variables have more
and more explanatory power for the variable of interest, and the importance of
the variance due to the flight phase in the overall variance decreases. The ex-
treme case is when R? = 1. The variable of interest y is then perfectly explained
by the balancing variables. In this case, the variance due to the flight phase is 0.
Because only the flight phase is taken into account in the DT variance estimator,
it is therefore more and more negatively biased as R* increases. This effect is
seen in both U; and U,. The results obtained with the third population are in
agreement with this interpretation. In this latter case, the balancing is performed
exactly, and the variance due to the landing phase is zero. The two variance es-
timators then give very similar results, even if the auxiliary information is not
fully adequate. The MD variance estimator is less biased, while the DT variance
estimator is more stable and gives slightly better results in terms of coverage
(better in 12 out of 20 cases).

The MD variance estimator has considerable variability, in terms of percent
relative stability, partly due to the small sample size considered in these exam-
ples. The DT variance estimator has low variability, but its extreme bias makes

13



Nominal one-tailed error rate

2.5 % 5% % Rel. Bias % Rel. Stab. % Rel. Fli. Eff.
Var. Method L U L+U L U L+U RByc RS yc FE
n=>5

Vi MD 1.15 0.85 2.00 1.15 165 2.80 11.8 656.6 56.5
DT 3.70 6.85 10.55 7.35 11.75 19.10 -74.1 104.6

2 MD 1.20 090 2.10 1.20 200 3.20 9.4 581.8 51.0
DT 4.10 7.40 11.50 7.65 1240 20.05 -77.3 102.3

V3 MD 1.20 1.05 2.25 1.20 275 395 7.1 522.4 45.6
DT 420 7.80 12.00 8.30 13.05 21.35 -80.4 100.4

V4 MD 1.30 1.10 240 1.30 390 5.20 5.0 479.4 40.3
DT 455 8.10 12.65 9.00 14.05 23.05 -83.3 98.9

Ys MD 1.25 1.30 2.55 1.35 440 5.75 3.1 454.4 35.2
DT 470 8.60 13.30 945 15.50 24.95 -86.1 97.8 <

n=15

Y1 MD 0.80 4.75 5.55 2.15 720 9.35 -0.8 37.7 76.2
DT 200 565 7.65 435 890 13.25 -21.0 35.8

V2 MD 065 560 6.25 1.75 845 10.20 -0.9 45.8 68.5
DT 2.55 6.35 8.90 530 975 15.05 -29.0 39.1

3 MD 0.40 6.10 6.50 1.60 935 10.95 -1.1 56.7 60.8
DT 3.50 7.00 10.50 6.90 1090 17.80 -37.1 43.9

V4 MD 035 7.10 7.45 1.30 1040 11.70 -1.3 69.7 52.9
DT 485 8.10 12.95 8.75 11.60 20.35 -45.3 49.7

Vs MD 0.25 8.15 8.40 0.80 12.30 13.10 -1.5 84.2 44.8
DT 6.80 9.55 16.35 11.40 13.25 24.65 -53.6 56.4

Table 1: Monte-Carlo error rates in the upper and lower tails, percent relative biases
balanced sampling in population U,

and relative stabilities of two variance estimators for
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Nominal one-tailed error rate

2.5 % 5 % % Rel. Bias % Rel. Stab.
Variable Method L U L+U L U L+U RByc RS yc
Vi MD 205 320 5.25 490 5.60 10.50 0.2 344
DT 220 3.05 5.25 485 5.60 1045 -0.6 33.7
2 MD 1.30 4.65 5095 330 7.45 10.75 -1.8 34.6
DT 1.25 430 5.55 3.05 7.80 10.85 2.3 334
3 MD 2.00 3.30 5.30 335 580 9.15 0.2 31.7
DT 2.00 3.10 5.10 355 580 9.35 -2.5 30.9
V4 MD 430 1.85 6.15 7.45 455 12.00 0.4 39.6
DT 545 135 6.80 8.50 3.65 12.15 -1.7 38.5
Vs MD 3.65 360 7.25 575 6.30 12.05 0.3 44.2
DT 260 235 495 475 455 9.30 -0.5 34.0
vx._s MD 2.10 3.05 5.15 470 5.85 10.55 0.2 34.7
DT 2.15 305 520 485 5.55 1040 -0.7 33.9
v\ms MD 145 3.80 5.25 3.10 690 10.00 -1.6 32.9
DT 1.15 4.00 5.15 2775 7.25 10.00 -1.3 32.8
v\w: MD 1.70 4.00 5.70 3.05 650 9.5 -0.1 34.9
DT 1.70 4.10 5.80 325 7.00 10.25 -3.2 34.5
ﬁ: MD 470 2.10 6.80 7.80 5.10 12.90 0.8 41.4
DT 460 2.05 6.65 775 470 12.45 -1.7 38.2
v\ws MD 465 2.60 7.25 6.75 5.15 11.90 0.0 443
DT 280 2.05 4.85 5.15 435 9.50 -0.9 33.0

Table 3: Monte-Carlo error rates in the upper and lower tails, percent relative biases and relative stabilities of two variance estimators for
balanced sampling in population U;
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this point irrelevant in all cases. In the decomposition of the variance given in
(5), the term V. (#,,) associated with the flight phase is ignored in the DT estima-
tor, which results in a negatively-biased estimator. However, Var (fyn | 07y (S ))
is highly unstable, since the units remaining at the end of the flight phase as well
as their number are random. As a consequence, the MD estimator which helps
in tracking the term V,(f,,) is also highly variable. This variability is needed to
achieve approximately correct confidence interval coverage.

5. Conclusion

In this paper, a new variance estimator for balanced sampling, using a martin-
gale difference representation of the cube method, is proposed. This estimator is
shown to perform well as compared to a naive simulation-based variance estima-
tor that does not use the martingale structure. Unlike the Deville and Tillé (2005)
variance estimator, which ignores sampling variation due to the landing phase,
the proposed estimator takes into account the complete sampling process and
leads to essentially unbiased variance estimators, and corresponding confidence
intervals with proper coverage. Numerical results support our findings.
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Appendix A. Algorithm 1 for implementation of the cube method

Define the balancing matrix A = (ay, ..., a,...,ay), where a; = X, /7. First
initialize with 7y(S) = @ and A(0) = A. Next, at time t = 0,..., 7T, repeat the
three following steps.

Step 1:
Let E(r) = F(r) N KerA(z), where

F(f) = {ve RY : v, = 0if m(¢) is an integer.}

o If E(¢r) # {0}, then generate any vector u,(S) # 0 in E(¢), random or not.
Put A(r + 1) = A(2).
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o If E(tr) = {0}, let m, denote the largest integer such that F'(r) N KerA,, (t) #
{0}, where A,, (t) denotes the matrix given by the first m, rows of A(%).
Generate any vector u,(S) # 0 in F(¢) N KerA,, (¢), random or not. Put
At +1)=A,, Q).

Step 2:
Compute the scalars A7,(S) and A3 (S), which are the largest values of 4;, and A,
such that

0<mES)+4m(S) <1, 0<m(S) — u(S) <1,

where the inequalities are interpreted element-wise. Note that A7,(S) > 0 and
A5,(8) > 0.

Step 3:
Select 7,,1(S) = m:(S) + 6,(S ), where

5.5) = A7,(8)u(S)  with probability g(?)
T =A5,(S)u(S)  with probability 1 — g(7)
and g(7) = 43,(S)/(A7,(S) + 3,(5)).

The procedure ends at step 7', when 77(S) has only integer (0-1) compo-
nents.
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